DYNAMICAL FORMATION OF BLACK HOLES DUE TO THE 
CONDENSATION OF MATTER FIELD 
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Abstract. The purpose of the paper is to understand a mechanism of evolutionary formation 
of trapped surfaces when there is an electromagnetic field coupled to the background space-time. 
Based on the short pulse ansatz, on a given finite outgoing null hypersurface which is free of 
trapped surfaces, we exhibit an open set of initial data (x,uf) for Einstein equations coupled 
with a Maxwell field, so that a trapped surface forms along the Einstein-Maxwell flow. 

On one hand, this generalizes the black-hole-formation results of Christodoulou [3] and 
Klainerman-Rodnianski [13]. In fact, by switching off the electromagnetic field in our main 
theorem, we can retrieve their results in vacuum. On the other hand, this shows that the for- 
mation of black hole can be purely due to the condensation of Maxwell field on the initial null 
hypersurface where there is no incoming gravitational energy. 



1. Introduction 

The famous singularity theorem of Penrose (see [5] ) states that if in addition to the dominant 
energy condition, the space-time has a trapped surface, namely a two dimensional space-like 
sphere whose outgoing and incoming expansions are negative, thus the space-time is future 
causally geodesically incomplete (we usually say that the space-time contains a singularity). 
The weak cosmic censorship conjecture asserts there is no naked singularity under reasonable 
physical assumptions. In other words, singularities need to be hidden from an observer at 
infinity by the event horizon of a black hole. Thus, by combining these two claims, if one can 
exhibit a trapped surface in a space-time, then one can predict the existence of black holes. In 
other words, although many supplementary conditions are required, we regard the existence of 
a trapped surface as the presence of a black hole. 

A major challenge in general relativity is to understand how trapped surfaces actually form due 
to the focusing of gravitational waves. In a recent remarkable breakthrough [3], Christodoulou 
solved this long standing problem. He discovered a mechanism which is responsible for the 
dynamical formation of trapped surfaces in vacuum space-times. In the monograph [3], in 
addition to the Minkowskian flat data on a incoming null hypersurface, Christodoulou identified 
an open set of initial data (this is the short pulse ansatz) on a outgoing null hypersurfaces. Based 
on the techniques developed by himself and Klainerman in the proof of the global stability of 
the Minkowski space-times j3], he managed to understand the whole picture of how the various 
estimates on geometric quantities propagates along the evolution. Once those estimates are 
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established in a large region of the space-time, the actual formation of trapped surfaces is easy 
to demonstrate. Christodoulou also proved a version of the same result for the short pulse 
data prescribed on past null infinity. He showed that strongly focused gravitational waves, 
coming in from past null infinity, lead to a trapped surface. This miraculous work provides 
the first global large data result in general relativity (without symmetry assumptions) and 
opens the gate for many new developments on dynamical problems related to black holes. The 
methods undoubtedly have many future applications in both general relativity and other partial 
differential equations. 

In [13j, Klainerman and Rodnianski extend aforementioned result which significantly simplifies 
the proof of Christodoulou (from about six hundred pages to one hundred and twenty). They 
enlarge the admissible set of initial conditions and show that the corresponding propagation 
estimates are much easier to derive. The relaxation of the propagation estimates are just enough 
to guarantee that a trapped surface still forms. Based on the trace estimates developed in a 
sequence of work [7J, [8j, [9], [10], [11] and [12] towards the critical local well-posedness for 
Einstein vacuum equations, they reduce the number of derivatives needed in the argument 
from two derivatives on curvature (in Christodoulou's proof) to just one. More importantly, 
Klainerman and Rodnianski introduce a parabolic scaling in |13j which is incorporated into 
Lebesgue norms and Sobolev norms. These new techniques allow them to capture the hidden 
smallness of the nonlinear interactions among different small or large components of various 
geometric objects. The result of Klainerman and Rodnianski can be easily localized with respect 
to angular sectors which leads to further developments, see [14J for details. We remark that 
Klainerman and Rodnianski only considered the problem on a finite region. The question from 
past null infinity can be solved in a similar manner as in [3] once one understand the picture on 
a finite region. The problem from past null infinity has also been studied in a recent work [16] 
by Reiterer and Trubowitz. 

The aforementioned works are all investigating vacuum space-times. When some matter field 
is presenting, the formation of black holes has attracted a lot of interest. We mention only two of 
them which are more related to the present paper. In j!5j , based on their work on positive mass 
theorem, especially the resolution of Jang's equation, Schoen and Yau proved the existence of a 
trapped surface when matter is condensed in a small region, see [T7] for an improvement. Their 
result is restricted to the initial 3-slice hence is not dynamical. Another work is an earlier paper 
[2] of Christodoulou. He studied the evolutionary formation of singularities for the Einstein- 
scalar field system. The radial symmetry is assumed and the mechanism of the formation of 
trapped surface is quite different to his most recent work [3]. And moreover, he could get more 
precise information on the gravitational collapse. 

The purpose of the present paper is, under the framework of Christodoulou and Klainerman- 
Rodnianski, to understand the formation of charged black holes, namely the evolutionary for- 
mation of trapped surfaces when there is an electromagnetic field coupled to the background 
space-time. On one hand, we will generalize the black-hole-formation results of Christodoulou 
and Klainerman-Rodnianski. In fact, by switching off the electromagnetic field in our main theo- 
rem, we can retrieve their results in vacuum. On the other hand, we will show that the formation 
of black hole can purely due to condensation of Maxwell field on the initial null hypersurface, 
namely, we can set the incoming gravitational energy to be zero. 
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1.1. Framework. We recall double- null-foliation formalism and we refer the reader to Chapter 
3 of [6] for more precise descriptions. We use V = to denote the underlying space- 

time and use g to denote the background metric. We assume that T> is spanned by a double 
null foliation generated by two optical functions u and u and we also assume that u and u 
increase towards the future, < u < u* and < u < u t . We use H u to denote the outgoing 
null hypersurfaces generated by the level surfaces of u and use H_ u to denote the incoming null 
hypersurfaces generated by the level surfaces of u. We use S Uj u to denote the space-like two 

surface H u n H_ u . We denote by H^ 1 '^ the region of H u defined by u 1 < u < u 2 ; similarly, we 

can define H^ l7u2) . 

We require that when u < 0, this part of initial null cone Hq is a flat light cone in Minkowski 
space-time. 



The shaded region represents the do- 
main T>(u,u). The function u is in 
fact defined from — u* to 5. When 
u < 0, this part of Hq is assumed to 
be a flat light cone in Minkowski space- 
time with vertex located at u = — u*. 
We shall show that the trapped sur- 
face forms when u ~ 1 and u = 8. We 
also require that is a fixed number 
which is at least 2, say, we may take 
u* = 2. 




I 

Let (L,L) be the null geodesic generators of the double null foliation and we define the lapse 
function O by g(L,L) = — We also need normalized null pair (e^, e^) } i.e. = OL, = £IL 
and 5(63,64) = —2. On a given two sphere S u> u we choose an orthonormal frame (ei,e2). We 
call (ei, e2, e^, e&) a null frame, [j] 

We use D to denote Levi-Civita connection of the metric g and we define the connection 
coefficients, 



Xab 



X. 



■tib 



g(D b e^,e b ),rj a 
g(D b e 3 ,e b ),r] 



^(L> 3 e a ,e 4 ),u; = ~g(D 4 e 3 , e 4 ), 
\g{D A e a ,e 3 ),Lo = --g(D 3 e4,e 3 ),Ca = ^(A^, e 3 ) 



— 4 — — 2' 

where D a = D ea . On S u ,u we use V to denote the induced connection and we use V3 and V4 to 
denote the projections to S u , u of D 3 and D4. Those V derivatives are called horizontal derivatives 



Throughout the paper, we use Greek letters a, (3, ■ ■ ■ to denote an index from 1 to 4 and Latin letters a,b, - ■ ■ 
to denote an index from 1 to 2. Repeated indices should always be understood as summations. 
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(we use the word horizontal tensor fields for tensor fields depending only on components along 
see [3]). 

For a Weyl field W, the null decomposition adapted to the null frame {e a } is|^] 
a(W) ab = W(e a , e 4 , e b , e 4 ), P(W) a = ^W(e a , e 4 , e 3 , e 4 ), p(W) = ^W(e 4 , e 3 , e 4 , e 3 ), 

a(W)a6 = W(e a , e 3 , e 6 , e 3 ) P(W) a = -W(e a , e 3 , e 3 , e 4 ), <r(W) = W(e 4 , e 3 , e 4 , e 3 ). 

where is the space-time Hodge dual of W. 

A Maxwell field shall always refer to a two form F a g satisfying Maxwell equations, 

D b F ap[ = 0, D a F a p = 0. (1.1) 

The Maxwell field F a p is coupled to the background geometry, namely, in addition to (1.1), F a p 
satisfies Einstein field equations, 

Rap - = T a /3, (1.2) 

where R a R is Ricci curvature, R is scalar curvature and the T Q( g is the energy-momentum tensor 
associated to F a g defined as 

Tap = Fa^Fp^ — -gapF^F^ . 
We remark that the energy-momentum tensor T a g can also be written as 

T a p = ^(F a ^F^ + *F a ^F^), 

where *F denotes the space-time Hodge dual of F. The symmetry between F and *F in above 
expression plays an important role when we derive energy estimates. 
We also decompose F in a given null frame into null components, [^] 

a(F) a = F(e a , e 4 ),a(F) a = F(e a , e 3 ),p(F) = ±-F(e 3 , e 4 ),a(F) = J*F(e 3 , e 4 ) = F(e 1: e 2 ). 



Using null components, (1.2) are equivalent to following null structure equations, see [T], [3] 
or HI for details. Q 

V 4 tr X + ^(trx) 2 = "Ixl 2 - 2utr X - T 44 , (1.3) 

V 4 X + trxx = -2wx - a, (1.4) 

V 3 trx+ ^(trx) 2 = -|x| 2 - 2^trx - T 33 , (1.5) 

V3X + tr XX = -2wx-a, (1.6) 

V 47? = -x -(77-77)-/? -ilk, (1-7) 

V 3 r? = -x-(??-r/)+^+^r fe3 , (1.8) 

V 4 o; = 2ww + ^|r/-r7_| 2 - - (77 — 77) • (77 + 77)- ^|r? + ??| 2 + ^p + ^T 43 , (1.9) 



2 When is equal to Weyl curvature tensor, we use a, a, ft, j3, p, a to denote its null components. 

^ We use shorthand symbols qf, Pf, Pf and of to denote these components. 

4 Thanks to ( 1.2 1, we can also use i? M „ to denote the energy momentum tensor of F. 
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V 3 u; = 2tou + ^\v-V_\ 2 + ^(V-V) •(v + v)- \\v + V_\ 2 + \p+\ T ^, 
1 



V 4 trx + ^trxtrx = 2wtrx + 2divr/ + 2|ttJ 2 + 2p - % • X, 

V 3 trx + ^tr^trx = 2utrx + 2divr? + 2\rj\ 2 + 2p - x • X 

V4X + ^trxx = V% + 2u;x - ^trxx + ??% + ^6, 

V3X + ^trxx = V§?? + 2o;x - ^trxx + V&V + T a b- 

divx = ^Vtrx - -(?? - rj) • (x - ^trx^fe) - /3 + ^T 4& , 

divx = ^Vtrx - -(5 - rj) ' (x ~ ^X^ab) + P + ^T 3b , 
curl?? = x Ax + o"e afe , 
curl 77 = -x Ax-o-eafe, 

# = -^trxtrx +^X-X~ P + jT 43 
The second Bianchi equations are equivalent to null Bianchi equations, 



V 3 a + ^trxa = V§/3 + 4a;a - 3(xp +*xa) + (C + 



+ 2(^3^44-^4^43)^6 



V 4 /3 + 2trx/3 = diva - 2w/3 + 77 • a - -{D b R 44 - D 4 R 4b ), 



V 3 /3 + trx/3 = Vp +*Va + 2^/3 + 2 X • P + 3(r/p +V) + ~(A,# 3 4 - D 4 R 3b ), 



3 
2 1 
3 



V 4 a + -trxa = -div*/3 + -% *a - ( ■* P - 2t? -*£ - -(£> M i? 4 , - D u R 4fl )e^ 34 , 



V 3 a + ^trxa = -div*£ + l - X ■* a - ( ■* P - 2rj ■* f3 + \{D^R 3v - D U R 3 ^ 34 , 
V 4 p + ^tr X/ o = div/3 - l -x ■ « + C • P + 2r? • /3 - * (#3^44 - ^4^34), 
V 3 p + ^trxp = -div£ -^x-a + C- P-2 V - p+ ^{D 3 R 34 - D 4 R 33 ), 
V 4 f3 + ti X P = -Vp +*Va + 2ojf3 + 2x-P~ KVP ~*w) ~ \(D b R 43 - D 3 R 4b ), 



V 3 p + 2trx^ = -diva - 2w/3 + 77 • a + -(A,i? 33 - £>3#3&) 



V 4 a + -tr X a = -V®/3 + 4wa - 3(xp -*x<r) + (C 



+ ^(D 4 R 33 -D 3 R 34 )5 a 



div denotes divergence operator on Div denotes the space-time divergence. 
^ K is the Gauss curvature of S u ,u- 

7 In applications, we always eliminate ( by ( = | (rj — 77). 
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The Maxwell equations (1.1) are equivalent to null Maxwell equations, 

V \a F + -trxap = — y Pf — *V<t.f — 2*V • f — 2?? • Pf + 2wap — x " a -F 



(1.30) 



V3«F + ^trx«F = -VpF +* Vof - 2 *77 • Up + 27/ ■ pF + 2w«f - X • «F) (1-31) 

V4p_p = — divai? — tryjOF — (v ~ v) ' a F, (1.32) 

V A(Tp = — curla^ — t^x^F + (v — v) ' * a Fi (1.33) 

V3PF = diva F + trxPF + (v — rj) ■ a F , (1-34) 

V3&F = — curla^ — tix&F + (v — rj) ■ *a F . (1.35) 

1.2. Scale Invariant Norms. We recall the concept of signature and scale for very horizontal 
tensor field introduced in [13]. Let 4> be a horizontal tensor, we use N a (<p), N^(<p) and A^(0) 
to denote the number of times (e a )i=l,2, respectively e^ and appearing in the definition of 
4>. We define sgrvp the signature of <ft to be sgn(4>) = N^cj)) + ^N a ((f>) — 1. We also assign 
a sca/e sc(</>) for to be sc((f>) = —sgn(4>) + |. For horizontal derivatives, we also assign 
signatures via the following convention, sgn{S7^(f)) = sgn(4>) + 1, sgn(V(j)) = sgn((j>) + \ and 
sgn(V3(j)) = sgn{(j)) + 0. For product of two horizontal fields, we define the signature to be the 
sum, i.e. sgn(cpi • $2) = sgn((f>i) + sgn((p2)- 

We introduce the scale invariant norms a la Klainerman and Rodnianski. Along the outgoing 
null hypersurfaces Hu'~^ and incoming null hypersurfaces H_u' U \ we define scale invariant L 2 
norms, 

On two surface S UjU , we define the scare invariant L p norms J^j 

5- s cW-l\ 



By definition, scale invariant norms come up naturally with a small parameter 5. Roughly 
speaking, it reflects the smallness of the nonlinear interactions in our problem. One key aspect 
of this principle is the scale invariant Holder's inequality, 

Ul ■ H\Ll c) (S UA ) < 8 * || ^11^(5^)11^11^(5^), (1.36) 

where - = — + — . Similar inequalities hold along incoming and outgoing hypersurfaces. We 
emphasize the rule of thumb for treating the nonlinear terms. 

For a product of terms each use of Holder's inequality gains a 5 2 . 
In this sense, nonlinear terms are better than linear terms. Other other hand, there are nonlinear 
terms where we do not gain any power in 5. If / is a bounded (in usual sense) scalar function 
(bounded by a universal constant), the best we expect is ||/ • (f>\\i,p < ||<^||l p • 

(sc) (sc) 
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8 *V a = e ab V b . 

® We use shorthand notation ||<^)||iP i u u \ for this norm. 

This is the case for / = trx Q = 2r +u-u appearing frequently in the paper. 
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We now introduce schematic notations ip, if> g , ^, ^ g , ^4, Y, T g and T4. We use if), and T 
to denote any connection coefficient rM null curvature component and null Maxwell component 
respectively; We use ip g , ^ g and T g to denote a good connection coefficient, null curvature 
component and null Maxwell component respectively, i.e. ip g ^ x, x, ^ g ^ a and T g / a F . We 
require $4/(1 and T4 ^ a F . 

For p = 2 or 4, S = S uu , H = Hu'~^ and H_ = H_^' u \ we introduce a family of scale invariant 
norms for connection coefficients, £j 

(5) Oo,ooKn) = U\\ Lr r S ), {S) O Xu,u) = Sp\\(x,X)\\iX JS) + UgWiX JS), 

(sc) K 1 — (sc) v 1 (sc) v 1 

^o hp (u,u) = \\vi)\\ LUis) ,^o(u,u) = \\v 2 ip\\ LU(H) ,^o(u,u) = HvVlL^®; 

For curvature components, 

K (u,u) = 52\\a\\ L 2^ iH) + \\(P,p,a,0\\q (HjiKifau) = <* 5 \\ v * a \\ l^ah) + ||V¥4||£3 (.h), 
n Q (u,u) = 6*\\P\\ L 2 + \\(p,a,p,g$\\ L 2 ^Rafau) = 8* ||V 3 a|| L a + || V^H^a 
For Maxwell components, 

7b(«,«) = s *\\ a F\\ L f ac) (H) + II(pf,o-f)||l2 sc) (h),Zo(^,m) = 5^\\(p F ,a F )\\ L 2^ [K) + ||a F || L 2^ )(ffl , 



= 52\\V A a F \\ L 2^ {H) + ||VT 4 || L 2 m)(h) , Ei(u,u) = ^\\V 3 a F \\ L 2^ m + \\VT g \\ L a 
F 2 {u,u) = 55\\VlT4 L 2^ {H) + \\V 2 T4 L 2^ {H) ,T 2 (u,u) = 5^\\V 2 3 T g \\ L 2^ iK) + \\V 2 T g \\ L 2^ {K) . 

In those definitions, some terms come up with a 62, for example, a in TZq. Those terms are 
understood to cause a loss of 5~z . We call them anomalies or being anomalous. By convention, 
we do not regard f3 and f3 F as anomalies, since they are not anomalous on outgoing lightcones. 
In sequel, we shall encounter other terms which cause a loss of 5~ 2. By abuse of language, we 
will call them anomalies too. And, for those non-anomalous terms, in schematic notations, we 
usually use a g as a subindex, for example, we use (V\P) 9 to denote Va. 

To rectify global L°° estimate on anomalies, we need localized norms. Let u d Su u be a 
patch of S Ui u obtained by transporting a disc Ss C S u ,o of radius 6 2 along integral curves of L 
and let 5 H U C H u be a piece of the hypersurface Hu' & ^ obtained by evolving a disc Ss C S^o of 
radius 5 2 along the integral curves of L, we set 

£>oAx](u,u)= sup HxIL* («£„„)> Co,4[x](«,«) = SU P IIxIIl* (*&.„)> 
K 5 [a](u) = sup ||a|| L 2 , tH) , J$[a F ](u) = sup \\a F \\ L 2 ,g H y 

S H U CH U (sc) s H u cH u {sc) 



11 Instead of considering tr^, we always use trx denned by trx = trx — tfX - 

12 We use shorthand notations ||^|| to denote the sum for all the possible Hull's and || (ip, if)', ip" 

MI + IIV>'II + IN>"II + - 
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Let ^O 4 = swp uu ( >Oq^{u,u) and fto = sup u u fto(it, m); other norms are defined in a 
similar manner. Finally, we introduce total norms, 

O = O ,oo + 00,2 + 00,4 + 01,2 + 01,4 + {H) + ®0, 

ft = ft + fti,ft = fto + fti 5 Z = Z + Ji + T 2 ,Z = Z + Li + Z 2 - 
We use O^ \ IZ^ and J 7 *- ) to denote the corresponding total norms on initial surface Hq. 
1.3. Main Results. Let ipi 



Xo 



(x, ajr). We define initial data norm, 

2 13 

k\\»°(H )+S* sup E ||(<5V 4 )^ll^(5o,„)+EE ll( <y§ Vr(5V4)Vi||La ( So,«)]- 
0<u<S 



k=0 k=0 m=0 

Our assumption on initial data is 

2o < oo. (1.37) 
This ansatz (when of = 0) was discovered in [13] and it is larger than those in [3]. Unfortunately, 
the formation of trapped surfaces can not be derived from ansatz (1.37). Following [13], we shall 
present necessary modifications in Main Theorem. Nevertheless, ansatz (1.37) implies 



Proposition 1.1. Under the ansatz (1.37), along initial outgoing hypersurface Hq, if 5 is suf- 
ficiently small, we have 

O (0)+^(0) + ^(0) < X 



Thanks to this proposition, we can replace ansatz (1.37) by 



(o) +7l (o) +J -(o)< Xo< 



oo. 



(1.38) 



We omit the proof of this Proposition since the it is very much similar to the vacuum case. 
In the vacuum case, the reader can find a proof in Chapter 2 of Christodoulou's book [3]. In 
general, the proof is mainly to chase null structure equations, null Bianchi equations and null 
Maxwell equations one by one along Hq. The proof actually shows that (x,(Xf) can be freely 
prescribed along Hq for Einstein-Maxwell system (1.2). 

This first result of the paper addresses the propagation of (1.38) to later time, this is the 
content of Theorem C. Roughly speaking, modulo the electromagnetic field, curvatures are 
one derivative of connection coefficients. Thus, once one controls connection coefficients, one 
expects to control the curvature components. On the other hand, one can gain the control 
of connection coefficients provided bounds on curvatures. This later statement is recorded in 
Theorem A. Together with Theorem B which, at the end of Section [3] addresses estimates 
on angular momentums, Theorem B serves as an intermediate step toward Theorem C. 

Attention. We use C to denote constants depending only on 1Z, ft, J- and T_. 

Theorem A. Assume that (o) , ft, ft, T andZ 

are finite. If 5 is sufficiently small, we have 



Theorem C. Under ansatz (1.38), if 5 is sufficiently small, we have 

ft + ft + J- + Z<2o- 



Finally, we state the main theorem of the paper and its immediate corollaries. 
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Main Theorem. In addition to ansatz (1.38), we assume that 

4 



sup ^^||(^) fc (x,ai,)|| L2(5oii) < e, (1.39) 

0<u<5 ^ 

for sufficiently small e such that < 8 <C e. On Hq, we also assume 

(l + C ^) 2(r ° 2 ~ M) < [\\mu)\ 2 + \a F (0,u)\ 2 )du < 2(r ° ~ 5) , (1.40) 

where Co is a universal constant and ro is i/ie maximal radius of the flat part of Hq ■ Then, if 8 
is sufficiently small, Ho is free of trapped surfaces and a trapped surface forms at (u,u) = (1,8). 

We can set shear x = on Ho but a F large enough to form trapped surfaces. This can be 
regarded as formation of black hole purely due to the condensation of matter, 

First Corollary. There exists an initial data set for Maxwell field such that the shear of Ho is 
trivial, Ho is free of trapped surfaces and a trapped surface forms at (u,u) = (1,8). 

We can also switch off electromagnetic field to retrieve earlier results for vacuum space-times, 

Second Corollary. fChristodoulou [3]; Klainerman and Rodnianski, |13j ) For vacuum, there 
exists an initial data set on Ho such that Ho is free of trapped surfaces and a trapped surface 
forms at (u,u) = (1,8). 

2. Theorem A - Estimates on connection coefficients 
We prove Theorem A in this section. The proof is based on following bootstrap assumption, 

(S) Oo,oc + \\(aF,PF,o- F ,a F )\\ Lr ^ < A (2.1) 

\ sc ) 

where Ao is a large positive number. We will show that if 8 is sufficiently small, all the statements 
in the theorem hold. In particular, ^Oooo ^ C. We also show ||T||z,°o < C. Since C is 



independent of Aq, we obtain a better bound in (2.1) therefore close the bootstrap argument 



Once we prove Theorem A, we can use the estimates derived in the proof throughout the 



paper. We emphasize that everything in sequel is based on bootstrap assumption (2.1). The 
proof is organized as follows: we first show some preliminary estimates, and then prove step by 
step ^00,4)^01,2) 4 and second derivatives estimates on connection coefficients. 

2.1. Preliminary Estimates. In this section, we provide some preliminary estimates based on 



(2.1) without detailed proof. The reader can find details in Section 4 of |13| . 



Lemma 2.1. If 8 is sufficiently small, more precisely if 8^ Ao < 1, we have 

- < n < 4. 

4 

The proof is straightforward by integrating u = — iVsQ. For p = 2 or 4, we have following 
integral estimates, 
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Lemma 2.2. For a given horizontal tensor field ip, if J2A0 is sufficiently small, we have the 
following scale invariant estimates: 

\ix Ju,u) < Mix j u ,o) + r^WV^hr M dvf (2.2) 

(sc) v '— ' \ sc ) Jq ( sc ) — 

\l U (u,u) < Uh U (o,u) + J o \\V 3 i>L U{u ,,u)du' (2.3) 

We define the transported coordinates along double null foliation. For a given local coordinate 
system {Q\, 62) on 5 U) o C -ff«rjwe parameterize points along the outgoing null geodesies starting 
from S u fl by corresponding (#1, #2) and the affine parameter u; similarly, for a given local coor- 
dinate system (9_i,0 2 ) on So t u C H u , we parameterize points along the incoming null geodesies 
starting from So,« by the corresponding (61,82) and the affine parameter u. Corresponding 
metrics are denoted by 7 a & and 7 afe . We have estimates on the geometry of S u> u, 

Proposition 2.3. Zei 7^ be the standard metric on S 2 . If 5 is sufficiently small, we have 

ll(7«6 " la :l ab ~ lab, V 3 tt , V 4 O )|U~ < ^ A , ||V0 a || L ~ + ||W a |k~ < 1. 

For Christoffel symbols T abc and r_ a6c whose signatures are 5, we /iaue 

IKraftc^JII^Ku) £ (s) Oo,4 + (5) Oi, 2 , ll(^r af)C ,a d r abc )|| L2(UiM) < ( 5 )o li4 . 

We can follow exactly strategy in Section 4.5 and Section 4.9 of [13J to prove it. The control 
of the geometry of S u>u at the level of metric and Christoffel symbols allows us to derive the 
standard Sobolev inequalities, elliptic estimates on Hodge systems and trace inequalities. 

Lemma 2.4. For a horizontal tensor ip, S = S Uj u, H = H u and Fl = H u , if 5 is sufficiently 
small, we have 

^W~ l ^ ll W^ IIWII W s ) + * i|l ^ ll£ ?-o (S) ' i2A) 

^ ) (^)^^iiit c) (^) ||v ^ || ite)^) + ' 111 ^ 11 ^)^)' (2 - 5) 

Lf sc) (s) £ (^U\\l1 3c) {h) + \NnLl c) (H))k^Uhl c) (H) + \\V^\\ L 2 ac){H) )K (2.6) 

Lf sc){S ) < (^ 2 U\\lI c) (h) + \\W\\q m) (&)k8*M\\v {mi) (R) + HVsVlli^®) 1 , (2-7) 

\Ml% c) (S)< sup (IIV^H^^) + M LU{2SSu J. (2.8) 
cSu 

Last inequality allows us to rectify the anomalies of x, x an d ctp in L^ c -, estimates. We also 
have following interpolation estimates, 

Lemma 2.5. If 5 is sufficiently small, we have 

*k C )(^' * 5 ii*ii^ )( ^)ii w n! ?sc)( ^) ^^H^v ( 2 - 9 ) 

On 5^,0) the metric is the round metric with constant Gauss curvature. 
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Let T> G {D\?T>\,T>2?T>2\ | be a Hodge operator, we have following elliptic estimates, 

Lemma 2.6. On S = S uu , for a solution ip of the Hodge system Dip = F , if 5 is sufficiently 
small, we have 



(») 



||V^|| 



~ 55 H^ll% c) (5)11^11x^(5) + II^H^ C) (5), 



IV' 



(sc) 



^ c )W l|VV;|lL ( SC )( 5 ) + l|VjF|l ^c)(^)- 



l^ c )(S)~^ll^ll^ sc) (5) 

We provide localized estimates on a and of- 
Proposition 2.7. 7/5 is sufficiently small, then we have 

H [<*f] < H W (0) + K-l [a] <K 5 [a](0)+K + T. 
Proof. By direct integration, we have 

f u 1 



(2.11) 



We use (1.31) to replace the last integrand, use Holder inequality and schematic form of (2.1). 

< II^IIl^^) +£i + J o ^l^lk5 c) (ll T s ll^ c) (^,,j + ll^ll^ c) (^,,j) 

« u 

Last term can be absorbed by Gronwall's inequality. This yields the desired estimates for of. 



The proof for a is more or less the same. The key is to use (1.29). We also have to pay 



attention to T terms form (1.29). By applying null Maxwell equations to convert the null 



derivatives of a component into either tangential derivatives or lower order terms, those terms 
can be written as 



■T-TIU r*5, 1 + IIVT-TI 



L ( sc )( SS u',u)' 



This allows one to use Holder's inequality and (2.1) to conclude. 



□ 



2.2. Zeroth Derivative Estimates. In this section, we derive ^• ) Oo,4 as wen as ^Oo,2 esti- 
mates on connection coefficients and Maxwell field. 



See Appendix A for definitions. 
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2.2.1. L 4 Estimates on connection coefficients. We first derive estimates on to, rj, x an d tr%, 
then we derive estimates on u, rj, x an d trx- 

For u, in view of (1.9), we have V4W = ip g ■ ip + ^ 5 + T g • T , therefore, 

\N^\\Lf sc) (u,u) < • ^IIl* sc) K«) + \\^ 9 \\Lf sc) (u,u) + l|T s • T\\l* sc) (u,u) 

<^Ao.(^<P ,4 + ||T fl [|M r^) + \\%\\ Lf r u , u y 

{sc) \ sc ) 

Thus, by integrating along outgoing directions, 



1 f— 1 

<0(°) + *5Ao- (s) Oo,4+ / r^l^HM M d«' + A / *-3||T|| L 4 

JO [sc> Jo {sc> 

In view of (2.9), one concludes 

ML? ,(««)<° (0) + ^ A o- (5) 0o ) 4 + ^i l + ^o + ^A o (^ ( fJ-f + *iJb) 

(sc) \ ' — ' 

< (o) + (5 | Ao . (S) 0O|4 + C. (2.12) 
For 77, similarly, we can show 

Wvhf Ju,u) < O {0) + **A„ ■ ^O 0A + C. (2.13) 



For x> according to (1.4), we have V4X = ip g ■ ip + a. In view of (2.9) and the fact that x has 



trivial data along H_ , we have 

S IIxIIl ; „ )( „,») + «"A„ < s >o„,„ + jTr'iiaii^^,, 



We multiply both sides by S 4 to derive 



{S) O qa [x\ < 53 A (s) ,4 + 7loH^iHi +72o[a]. (2.14) 
We also need localized estimates for x- The procedure is similar, 

n% se) (^)^ iA o (5) <v+ r^wu 8e) (^ a , ) 

< 5§A ^Oo,4 + ll«ll L?sc)(2 ^o, 3d) + llVall^p,^,, 

Hence, 

L\ SC) {SS UA ) < ^ A ^0 O ,4 + U s [a] + ^[a]. (2.15) 
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For tr%, in view of (1.3), we derive 



HtrxlU Ku) <0(°)+<5iA ^Oo,4+ / ^lllxl 2 + I«f| 2 || L 4 {u 

\ sc ) Jq \ sc ) 



u') 



(sc) v '— ' (sc) \ / 



Combining (2.14) and (2.9) for ap, we derive 

W^x\\ L fJu,u) < O {0) + 5* A ^0 O ,4 + C. 



(2.16) 



For 7], in view (1.8), we have V3I] = trx Q • rj + ip g ■ tp + ^> g + T g • T. We bound trx Q by a 
constant to derive 

l|V 3!Z ll^ c) (^) < hh U{ u^ + & A ( (5) Oo,4 + l|T|| ztc)(U|M) ) + II^IL^)- 
We also observe that ^f g 7^ /3, thus, 



(«,«) ~ hhf 8c) (o,u) + /_ l|V33llr^(tt' >a ) 



Thanks to Gronwall's inequality, we remove 77 on the right-hand side, 



Lf Ju',u)- 



Vhf l(u . M )<0 (0) +^Ao^Oo,4 + C. 

— (sc) v ' — 1 



For lj, similarly, we derive 



\LJ\\ r4 



Lf s(u,u) 

(sc) ' — J 



<O(°)+5lA (S) On.4 + C 



(2.17) 
(2.18) 



For X) according to (1.6), V3X = ^X X + ' V' ~~ ®> thus, 



(scj ( SC J (, sc ) 



As in (2.17), by Gronwall's inequality, we ignore HxIIl* du,u)- Therefore, 



(sc) 



Lf Ju,u) S Wxh* ,(o,u) + & A ^O 0A + [ U \\a\\ Lf Ki u) < 8- \<D<® + §1 A Q ^0 O ,4 + C. 



Thus, 



(2.19) 



(5) Oo, 4 [x] < O (0) + <** A ( s )Oo,4 + 
We repeat above procedure to derive localized estimates, 

\\xh U (ss UA ) < llill^ c) (^ >3i ) + 6**0 {S) Ooa + C. (2.20) 
For trx, since V3U = f2 _1 and V3U = 0, we have Vstrx = — in(t r X ) 2 - Thus, (1.5) implies, 
V 3 trx = -trx Q • tr X - - 7,)( tr X ) 2 ~ 2trx Q w - * (trx) 2 - 2wtrx - |xl 

For the second term, we have 2I2 — 5) = j Jq" — ' therefore, 

11 f u 



11 



PIN YU 



The double anomaly \x\ causes a loss of 8*, 



x\ 2 \\l* sc) ( u ,u) < ^ 5 iixn^ c) («,«)iixiiL4 sc)(Uiy) 



4 > u) <8^A ^O 0A . 



Combined with the bound of lu in (2.12), we have 

l|V 3 trx|| L 4 („,„)< ||trx|| £ 4 { u) + \\u\\ L 4 ( } + / ||w|U (u>) + 5* A {S) O 0A 

(sc) (sc) ( sc ) Jq \ sc ) 

< fell* Ju,u) + o {0) + 8*A ^o 0A + a 

— (sc) V '— * 

Thanks to Gronwall's inequality, we ignore ||trx||^4 i uu \ on the right-hand side. Thus, 

— ( sc ) ' — 

fell* Ju.u) < O {0) + Si A ^O 0A + C. (2.21) 

— (sc) v ' — 1 

We add pl2] ), ( |2l3| ), pli) ), ( |2A6| ), j2l7| |, p7l8| ), pl9| > and p^Tj ) together to derive 

(5) Oo,4 < O (0) + <53A (s) O ,4 + C. 

If (5 is sufficiently small, 8± Aq^Oq A is absorbed by the left hand side. Next proposition 
summarizes the estimates derived in this subsection, 

Proposition 2.8. If 8 is sufficiently small, we have 

{S) O 0A < C. 

Moreover, we have 

{S) O a[x] < 7*o[a]*fti[a]3 + K [a] + 5*C, {S) O 0A [x] < O (0) + 5*C, (2.22) 
and their localized versions 

\\x\\l U (ss u , u j < s^c + niiaj+n.n llxlli^^) < \\x\\l U{ ^) + c (2.23) 

2.2.2. L 4 Estimates on Maxwell Field. We introduce ^Oq,a norms for Maxwell field, 

(S) O ,4M(n 

: u) — (54 ||of|| L 4 ( uu ) : ^ 4[(pf ^ ap ^ a F )](u^ u) — \\(pF^o'p J a F )\\ L 4 ( uu \- 

(sc) v '— ' (sc) v ' — 1 

For T g , in view of Q, ( |1.32[ ) and (|1.33[ ), we have V 4 T 9 = VT + tp • T. In view of pi] ) 
and Proposition 2.8, we bound T in £?^ c ) and V' in ^f sc v Thus, 

\\V4? 9 \\ LU{u ,u) < IIVTH^^) + 8^A U\\ LU{U ^ < ||VT|| LLi(u! „ } +C6W 



Thus, by direct integration, 



ll T <;lk„^) ;$ II t IIl^(,,o) + ^ a + r 1 / ||vt||^ (U) „ 



(«c) 



(2.24) 



For we rewrite (1.31) as V30f = trx Q • ctp + VT + ifi • T. Thus, 

+ H^IL^u^) + ^ 2 AoIIV'IIl^ 
< \\<xf\\l^(u.«) + HVT|| L 4 sc){ttiy) + C^A . 



(«) 



FORMATION OF BLACK HOLES 



15 



We ignore HofIIl* r uu ) on the right-hand side by Gronwall's inequality to derive 



|VT|| L 4 (M>) +C54A 



\\»F\\ L ^ ){u ,u) S ll«F||L^ ) (0, H ) + 

< 11^11^(0^) +£ 2 mtZi[T]f +5iT 1 [?} + C5iA . 

This implies 

^O 0A [a F ](u,u) < WOo4a F ](p,u) + C6*. 
We can also localize the proof to derive 

IMIl£ c) (*s„, a ) < \\a F \\ L 4 sc)i s So!t) +C. 

Next proposition summarizes the estimates derived in this subsection, 

Proposition 2.9. If 5 is sufficiently small, we have 

{S) Oo A [a F , p F ,a F ,a F ] < C. 

Moreover, we have 

IM| L 4 sc) (^) < 5-±oW + c, \\a F \\ L 4 gc){SSu ^ < \\a F \\ L 4^ ( s So ^ + C. 

2.2.3. I? Estimates. We move on to ( 'Oo,2 estimates on if), $ and T. It is straightforward 
since we have already established Co, 4 estimates. Since the procedure is standard, we will only 
sketch the proof. 

Proposition 2.10. If 5 is sufficiently small, we have 

\\^ g ,T 9 ,K)\\ L 2 >iU) +0o,2<C, \\{a,a F )\\ L 2 <Hc. 

{sc) i sc ) 



(2.25) 
(2.26) 

(2.27) 
(2.28) 



Proof. For a, in view of (1.20), we have V3CK = trx Q • a + + ip • ^ + T • VT. We proceed 
exactly as before: integrating along H u and removing tix Q ■ ot by Gronwall's inequality. This 
yields 



M\Ll sc) {S u& ) < W a \\L* sc) (0,u) 



+ C. 



For || ck[| r2 (0u \, we can bound it as follows, 

(sc) ^ '— ' 



ll«ll^ c) (0, M ) ^ ^ 1 

which yields the estimates on a. 



I V4«| 



< 



5- 2^1 [a] (0), 



For #„, in view of (1.21), (1.23), (1.25), (1.27) and (1.29), V 4 * 9 = V* + ip ■ ^ + T • VT. 



This allows one to derive the bound for 



For Gaussian curvature K, according to (1.19), we have K = p + ip-ijj + T- T. Therefore, 

\\KL U (s VA) < \\pL U{ s^ + *h&,n\l Ui s^ Wo% A + ^, 4 [t] 2 < c. 

For ip4 S {trx, X, ^ v}i the corresponding null structure equations read as V 4 V>4 = ip • ip + 
* + T • T. Thus, 



<c+\\n LU ^y 
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We then integrate over H u to derive 

One key observation is, in above expressions, \& is not anomalous unless (ip,^) = (x, °0- Thus, 

||(tr Xj uj, V)hl c) (s^) <C 2 + TZ , ||x||^ c)( s tt , a ) < C 2 + 

We also prove estimates on x, trx, uj and r\ in the same manner. The derivation of estimates 
on T is also similar. This completes the proof. □ 

2.3. First Derivative Estimates. 

2.3.1. Transport-Hodge System for connection coefficients. We use (0, ip) to denote one of pairs 
{(Vtrx,x), (Vtrx, x); (n,v), {p, rf); (k, (uj}), (k, (uj))}. 

The definition of p,, p, (uj) and (uj) will be given in the context. We will show that (O, ip) satisfies 
a Transport-Hodge type system which has following schematic form, 

V 4 9 = ip ■ (Vip + \£ + T • Y) + trx • ip ■ ip g + ip ■ ip ■ ip g + VT • T, (2.29) 
V 3 e = trx • Vip + ip ■ (Vip + ^ + Y • Y) + trx ■ ip ■ ip g + ip ■ ip ■ ip g + VT • T, (2.30) 
Vif> = 9 + V g + trx • ip g + i> ■ i> + T • TQ (2.31) 
For (@,ip) = (Vtrx, x)> in view of (1.15), ip = x satisfies ( 2.31[ ). For O = Vtrx, we commute 



V with (1 1 .31) to derive 

V 4 © = [V 4 , V]trx + VV 4 trx = ip g • V 4 trx + ip ■ Vtrx + VV 4 trx 
= ip g ■ (ip ■ ip + T ■ T) + ip ■ Vip + V(ip • ^ + Y • Y). 



which is clearly in the form of (2.29). 



For (0,VO = (Vtrx, x)> similarly, we can show that it satisfies (2.30) and (2.31). 
For (0,-0) = (fJj, Tj), we first define the mass aspect function 

-div?? — p. 



p 



(2.32) 



In view of (1.7), we have V 4 r/ = tp g ■ ip — /3 + Y • Y. We remark that we must keep tracking the 
exact coefficient for /3. Thus, we can derive 

V 4 (div??) = [V 4 ,div]r/ + divV 4 ry = ip ■ Vrj + ip g ■ V 4 77 + (\I> g + T • T) • rj + ip g ■ ip ■ r\ + divV 4 r/ 

= ip ■ Vip + ip'(^ g + T • T) + ip g ■ V 4 r/ + div V 4 r/ 

= ^ . + ip ■ (V g + T • T) + ip g ■ ip ■ ip + div (ip g • ^ - /3 + T ■ T). 

Thus, 

V 4 (divr?) = -div P + ip ■ Vip + ^ • (^g + T-T) + ip g -ip-ip + T- VT. (2.33) 
In view of ( 1.25| ), we have 

V 4 p = div/3 + V-^ + T-VT. (2.34) 
We also record the exact coefficient for f3 in(2.34). Adding up (2.32), (2.33) and (2.34), 
V 4 /i = ip ■ (Vip + ^ g + T-T) + ip-ip-ip + T- VT. 



15 



TJ is a Hodge operator. 
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Hence, = \i satisfies (2.29). We also combine (2.32) with (1.17) to derive, 
divr? 



So if) = r\ satisfies (2.31). 

For (O,V0 = (a 4 ) 7 /)) we define the mass aspect function p = — divn — p. Similarly, we can 
show that (p,rj) satisfies ( 2.30| ) and (2.31). 

For (©,"0) = (w)) or (k,(u)), we first define (a;) and (lj). We introduce two auxiliary 
functions uy and uj^ defined by following transport equations 



= -a, (jJ = on Hq; V^u^ = —a, oj} = on H_ . 



(2.35) 



with initial data cjt = on Hq and uj} = on 11 . We then define 



(w) = (w,w t ), (w) = (-uj,J). (2.36) 

Remark 2.11. We enlarge the set of connection coefficients by adding two non-anomalous 
scalars uy and w T . We also extend O-norms as well as (2.1) to include them. It is easy to show 
that the Cq,4 and Oq,2 estimates hold for ujJ and oj\ 



Since *D\ acts as *D\{l 



V 4 *Di{uj) =*2M^> + i> 9 ■ ^ g + T • T, ^u) + $ • V(w,o;t) + V 9 ■ (V 4 w + V^) 



1 



*Di(p, a) + V • (VV + tf 5 + T • T) + i, g ■ ^ • V + T • VT. 



We have to keep tracking of the exact coefficient of *Vi(p, a). In view of (1.27), 

V 4 /3 =* 2>i(p, a) + V • * + T • VT. 
If we introduce mass aspect function 

k =* Vi (u) ~\§_= -Vw +* W - i^. 
By suitably adding up (2.37) and ( |2.38| ), we derive 

V 4 k = V • (W + * 9 + T • T) + V 9 • i/> ■ V> + T • VT, 



which is clearly of type (2.29). By definition, we also have 

1 



*Di(u) = k+-0, 



in view of (|1.9|), we derive 

(2.37) 
(2.38) 
(2.39) 
(2.40) 
(2.41) 



which is clearly of type (2.31). Hence, we showed that (k, (w)) satisfies (2.29) and (2.31). 
Similarly, by using the mass aspect function 

« =*T>x{u) - ijS = Vw +*Vwt - 1/3, 



(2.42) 



we can show that (re, (w)) satisfies (2.30) and (2.31). 
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2.3.2. First Derivative Estimates on connection coefficients. For € {Vtr%, /i, k}, they satisfy 
(2.29). On S u . u, we bound ip or T in L^ c ^ norm to derive 

||V 4 e|U < 55Ao(||V^|| £? +||VT|U +U g \\ Lj +^A ||T|| i? ) 

\sc) V sc ) \ sc ) \ sc ) V sc ) i sc ) 

< S^AoWV^h^s^ + ^AollVTH^^ + C. 
Since 0's are trivial along H_ , we have 

\Ml U{Su&) < f niv 4 e||^ c)(UiM0 < c + ^ A • o 1i2 + ^Ao^%- 1 ||vt||^ )(MiMO 

<C + <^A o -0i, 2 . (2.43) 



For G {Vtrx, ^, ft}, similarly, we use (2.30) to derive estimates. The presence of trx n • Vip 



in (2.30) leads to a bit more complicated estimates, 



n k c) (s-) ~ c + 6h Ao • 0l > 2 + f ii^ko^)- 

J o 

We turn to the Hodge system (2.31), in view of Lemma 2.6, on S u ,u, we have 



(2.44) 



\\Vi;\\ L 2 <5±\\K\\l 2 

( sc ) (sc.) 



l* , + <C+\\0\\ L 2 . +||(* fl ,^)|| L? +6 

[sc) (sc) (sc) (sc) 



T)||| 4 



(2.45) 



Hence, 

We combine ( |2.43[ ), ( |2.44[ ) and ( |2.45| | to deduce, 

l|0|Lf sc) (5 u>a) < c + ^a o 1)2 + jf II W|| LM< M) < c + £ l|e|| LMu>) + 5* A • Oy. 

Thanks to Gronwall's inequality, we can remove the integral on the right-hand side. Combined 
with (2.45) again, we deduce 

01,2 <C + <5§A - 0i j2 . 
When <5 is sufficiently small, this yields the following proposition, 

Proposition 2.12. IfS^Ao is sufficiently small, for 6 {fi, (j,, k, k} , we have 

lie||^ )( ^ ) + ^0i, 2 <c. 

As a byproduct of above argument, we have 
Corollary 2.13. We have 

\\(v^,v 4 k)\\ L 2 AHu) + IKVa^VsK)!!^^ < a 



(sc) 
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2.3.3. Improved One Derivative Estimates on Maxwell Field. For T s , in view of (1.30), (1.32) 
and (1.33), we have V 4 T 5 = VT + rp ■ T. We commute with V to derive 

V 4 VT S = V • VT 9 + (/3 + V 9 • 4> + T • T) • T g + ^ g ■ VT + V 2 T. 

Integrating this equation along H u , it is routine to derive 

|| V(p F , a F ,a F )\\ L 2 ( } < C + 5^A \\V{a F ,p F ,a F ,a F )\\ L 2 {uM y 

\ sc ) ( sc ) 

Combined with Gronwall's inequality, similar argument along H_ u yields 

\\V(a F ,p F ,a F )\\ L 2 („„)< C + 6?Ao\\V(a F , p F , cr F ,a F ) |U , u) . 

\ sc ) v sc ) 



Putting those estimates together, we have 

I|vt|L ?sc)( ^ + ||v 3 vT 4 ||^ c)(i/u) + ||v 4 vt s ||^ c)( ^ ) < a 



(2.46) 



We move on to the L^ c ^ bound on T. For T g , in view of (2.5), 



IT 



g\\L 



(sc) 



< NT II 2 IIV7T II 2 

(sc) v 1 — ' (sc) *• '— 7 



Si\\T 



9\\Lj .(u,u) 

(sc) v '— ' 



<C||VTJ|? 



9"Lf ,{u,u) 

(sc) V '— 7 



+ CS*. 



According to (2.6) and (2.46), 



|VT 9 |L tc)(U)y) < c(C6* + \\v,vt 9 \\ lU{Hu) )-2 < a 



Thus, ||T ff |_£°° is bounded by C. For ||ai?||L°° , in view of (2.7) and (2.46), we have 



1 



\^a F \\ L 4 ( } < C(C52 + ||V 3 Va F || L 2 {Hu) )2 < C. 

ysc) \ sc ) 



To rectify the anomalous behavior of a F , we have to use localized Sobolev estimates (2.8), 
\\cxf\\l% c) (u,u) < sup (IIVqjHI^ c)(a4Soia) + \\a F \\ L 4 sc){ 2 SSu ^) < C + sup IMI^^)- 

V ' ~ d S u ,uCS 



Thanks to (2.28), we have the desired estimates on a F . As conclusions, 
Proposition 2.14. If 5 is sufficiently small, we have 

||T|| L ~ +||VT|| r . 4 f ... A <C. 



(so) 



(sc) *■ '— ' 



Moreover, 



^> a \^zol f \^ ( ) + ||(V 4 pF,V 3 p F , V 4 a F , V 3 a F , V 4 a F )|U {uu) <C. 

(sc) 7 (sc) v ' — 7 

This is an immediate consequence of null Maxwell equations. We remark that, compared to 



(2.1), we have obtained better bound on ||T||x, 



(sc) 



2.4. Second Derivative Estimates. 
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2.4.1. Second Angular Derivative Estimates on connection coefficients. For 6 G {Vtr%, /i, k}, 
we commute angular derivative with ( |2.29 | to derive 

V 4 V9 = V[ip ■ (Vtp + ^ + Y-Y)+ip-ipg + ip-ip-'ip g + Y- VT] + [V 4 , V]G 

= ip ■ (Vtp + V 2 ?/> + V* + ve + T • VT) + w • (vv> + * + T • T) 

+ ^ • • + V> • @) + (* + T • T) • 6 + (T • V 2 T + VT • VT) + ip ■ V 4 G 

= ri + r 2 + r 3 + r4 + T5 + r 6 . 

Similarly, for Q G {Vtr^, ^, ft}, we have 

v 3 ve = ip • (w + v 2 ?/; + w + ve + t • vt) + w • (vv> + * + t • t) 

+ ^ • (ip ■ Vip + V©) + (* + T • T) • 9 + (T • V 2 T + VT • VT) + V>V 3 G 
trx • (VV> + V 2 ^ + V^ + VG + T • VT + ip • Vip + ip ■&) 
= St + S 2 + S 3 + Si + S 5 + 5 6 + S 7 . 

where the additional term St collects all terms involving tix - 
We also apply V* on Hodge system (2.31) to derive 

Aip = K - ip + V*ViP = K^j + V*{Q + ^ g + trx Q ■ ip g + ip ■ ip + Y ■ Y) 
= K ■ ip + V6 + V^ + Vip + ip ■ Vip + T • VT. 
Therefore, we obtain a transport-Hogde systems, 

V 4 V6 = T x + T 2 + T 3 + T 4 + T 5 + T 6 , 6 G {Vtr X , /x, «}, (2.47) 

V 3 V6 = Si + S 2 + S 3 + 5 4 + 5 5 + S 6 + S 7 , 9 G {Vtr^, /z, «}, (2.48) 

Aip = K ■ ip + V9 + V* + Vip + ip ■ Vip + T • VT. (2.49) 
We start with (2.48) which are slightly more difficult than (2.47) because of the presence of 
X - Estimates < 
id replace VG 
on S u u we have 



trx Q . Estimates on (2.47) can be derived in a similar way. In (2.48), we replace Q by Q = \7ip+^ 
and replace VG by VG = V 2 ip + V\&. By Holder's inequality and the estimates derived so far, 



||(5i,53,5 7 )|| L 2 <C+\\V 2 iP\\ L , +||W|| L? 

(sc) V sc ) ( sc ) 

\\(S2,S 4 )\\ L 2 <^(||W>|| L 4 +11*11^4 )(||W|U +||*|U + 5*C), 

(sc) ( sc ) \ sc ) ( sc ) ( sc ) 

\\Ss\\ L * <^(l|T|U-||V 2 T|| i? + ||VT|| 2 4 )<C^(||V 2 T|U +1), 

(sc) (sc) (sc) (sc) 

||5 6 || i?se)(5uia) <5lA ||V3G||^ c)(5uia) . 
In view of Lemma |2.4[ on S UtU we have 

IIW>|U <||W>||| 2 ||VV||j 2 <||V 2 ^||J 2 +C5K 

( sc ) (sc) (sc) (»<=J (sc) 

II^ILf < ll^lli llv*||J 2 +5i||*|U <c5-i||v^||f 2 + c<H. 

l s W (sc) (sc) \ sc ) (sc) 

Thus, 

\\(S U S 2 ,S 3 , S 4 , ST)\\ LUi s Ut!t ) <C+\\V^\\ LU{SuuJ + \\Vn LU (s u , u _y (2-50) 
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We observe that can be estimated by the Corollary 2.13 Thus, for G {Vtrx, fJ,, k}, we have 
IIVGI 



< livei 



< c + 



<c + 



L U ^+i l|V 3 VG| 



L'j (u',u) 

(sc) v ' — * 



IvVIIl? ,( U ',u) + II v ^IIl2 ( U ', u ) + llv 2 x|| L 2 {u , u) 

(sc) x '— ' ' (sc) v '— ' (sc) v ' — ' 



\Lj Ju'u)- 

(SC) V '— ' ' 



(2.51) 



Similarly, for Q G {Vtrx, we can use (2.47) to derive 



|VG|| L 2 f<J ) <C + S- 1 



IV" 







1 1?, Ju,u'V 

(sc) v / 



(2.52) 



We make use of elliptic estimates on (2.49) on S Uj u to derive, 

VVIL? <^Ao||(^,^,VT)|| L? +\\VQ\\ L 2 + ||W|| L? +IIVVIL? <C+||VG|| L 



(sc) 



(sc) 



(sc) 



(sc) 



"(sc) 



We plug it in (2.51) and (2.52) to derive 



IVQII12 (s } <C+ / ||VQ|| L 2 (^^du' for G G {Vtrx,M,K}, 

(sc) '— Jq (sc) 



I veil £2 r<? n^c + s- 1 



(sc)* 



Thus, Gronwall inequality yields the following proposition, 

Proposition 2.15. If 5 is sufficiently small, then for ip G {trx,trXiX,X,n,ri,uj,ui\ and G G 
{Vtrx, Vtrx, fi, [A, k, k}, we have 



IVQI 



+ ||V^||r.2 fTT.A + II V IP\\ L 2 , H) - 

(sc) > M/ 



< C. 



l^ sc) (S u , a )^HV VllL», c) (H„) 
As a corollary of Proposition |2.15 and Lemma |2.4[ we have 
Corollary 2.16 (01,4 Estimates). If 5 is sufficiently small, then 

01,4 S C - 

To predict formation of trapped surfaces, we need a slightly refined estimate on V 2 r/. 
Proposition 2.17. If 5 is sufficiently small, then 

\\^\\L U (H U ) < HVplL Ll( ^) + \\Va\\ Llc){Hu) +5lc, 



(sc) 



( ac )V 



l|V 2 ry|| L 2 {H ) < ||Vp|| L? (H j + ||V<t|| L 2 (H ) + «y5C. 

(sc) v — (sc) v — w (sc) v — Vl' 

Proof. Recall the following Transport-Hodge system for rj and /j, 

curl rj = a + ip ■ ip, div rj = —fi — p, 
V 4/ u = t/j • (V-0 + ^ + Y- T + ip-ip) + T- VT. 
The first and second equations lead to 

A77 = Vcr + Vp + VyU + */> • V-0 + K ■ 77. 



(2.53) 



22 



PIN YU 



The third equation leads to 

V 4 V^ = V • (W + V • W> + W + V • * + T • T) + Vip • (VV> + * + T • T) 
+ (VT • VT + T • V 2 T) + ip g ■ ip ■ ip ■ ip. 

When we derive estimates, because each use of Holder's inequality gains 5? , without loss of 
generality, we ignore most of the nonlinear terms in previous expression. Thus, we have 

V 4 V^ = ip • (W + W) + VV> • (VV> + * ) + (VT • VT + T • V 2 T). (2.54) 



Equipped with (2.53) and (2.54), we proceed exactly as we argued in Proposition 2.15 The 



most dangerous term from (2.54) is V?/> ■ VP since can be a. In this case, we use Corollary 2.16 
and -£( sc ) norms to save a (52. Since V/i has trivial data on H_q, we can conclude 



< 5W. 



Combined with elliptic estimates on (2.53), we complete the proof. 



(2.55) 
□ 



2.4.2. First Derivative Estimates in Null Direction. For Maxwell field, as an immediate conse- 



quence of (1.31)-(1.34), we have 



AS u ,u) + ll( V 3PF,V 3 C7F,V4PF, V 4 ^f, V 4 a F )|| L 2 , 3 j 

{sc) — (. SC J 



Proposition 2.18. If 5 is sufficiently small, then 

.1,, ,. 

d2 ||V 3 aF||L 2 

(■ 

For connection coefficients, we have 
Proposition 2.19. If 5 is sufficiently small, on S UiU we have 

\\(V 4 trx, V 4 r/, V 4 w, V 4 irx, V 3 trx, V 3 r?, V 3 w, V 3 trx)\\ L 2 



< C. 



(sc) 



< c, 



||(V 4 x,V 4 x,V 3 x,V 3 x)|| L 2 <C8~ 

— — (sc) 

\\(V 4V ,V 4 uj,V 3 rj,V 3 u;)\\ L 2 <C. 

(sc) 



(2.56) 



(2.57) 

(2.58) 
(2.59) 



Proof. Those terms from (2.57) and (2.58) appear also on the left hand side of (1.3)-(1.14). They 



can be estimated directly with the help of those equations. To illustrate the idea, we estimate 
V 4 x by virtue of (1.4), i.e. V 4 x = ipg ' X + a - Therefore, 



I v 4xIIl2 



<S*\ 



9 " L ( SC ) i S »,lt) \\^ L t., r )(Su,u) 



(sc)y 



The other terms in (2.57) and (2.58) can be estimated in the same way. We omit the details. 



(2.59) is more delicate because V 4 ?7, V 4 w, V 3 ry and V 3 u> do not appear in the null structure 



equations. In order to derive estimates, we have to commute derivatives. We only estimate V 4 r/. 
The remaining terms can be estimated exactly in the same way. 



We commute (1.8) with V 4 to derive, 

1 

V 3 V 4 r/ = [V 3 , V 4 ]?? + V 4 (--trx ■ (5 - rj) - x ■ (v - V) + §_ 
= trx • V 4 r/ + V 4 /3 + E. 



1 * 1 \ 
-a F ■ a F + -a F • p F ) 



One checks eas ily th at error term E enjoys a better bound (notice that V 4 T in E is controlled 

by Proposition 2.18). In fact, we can show L \\E\\ L s ( u > u \ % C. This bound is good enough 

^ ( sc ) ' — 
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for our purpose. We use (1.27) to replace V4/3 by ip • + T • VT. It is easy to see that they 
can also be absorbed into error term E, thus we have V3V477 = trx Q • V477 + E which implies 

I -El 



Therefore, 



ll V ^H^ sc) (o,«) 



C+\\V±r,\\ LU{SuA) 



|V 3 V 4 r?|| L 2 (u , } 

— ( sc ) — 



l|v 4 r?|| L 2 ,(«',«)• 



□ 



<c + J q liv^^ + ll^^ <cr + 

Finally, we use Gronwall's inequality to complete the proof. 

As a byproduct of the proof, we have 
Corollary 2.20. If 5 is sufficiently small, then 

l|V3V 4 r ? |L ?sc)( Hj + ||V 4 V 3? 7|| i?sc)( ^ ) < C. (2.60) 

2.4.3. Remaining Second Derivative Estimates. We start with a lemma on commutator estimates 
which allows us to freely switch the order of differentiations in second derivative estimates. For 
example, the order of differentiations in Proposition 2.22 does not effect the estimates. 

Lemma 2.21. If 5 is sufficiently small, for all connection coefficients and null components 
of Maxwell field T, we have 

||([V,V 4 ]V, [V,V 3 ]^)|L2 i( s_) + ||([V,V4]T,[V,V 3 ]T)|| i? AS ^<C, (2.61) 

(sc) '— 



||([V,V4]V,[V,V 3 ]^|| L 2 m w) + ||([V,V 4 ]^[V,V 3 ^)L2 mj<C. 

(sc) v (sc) v — %k/ 

||([V,V4]T,[V,V 3 ]T)|| L? (Hii) + ||([V,V4]T,[V,V 3 ]T)|| L? , H j<C. 

(sc) v (sc) v — VJ 



(2.62) 
(2.63) 



Proof. We prove (2.61), while (2.62) and (2.63) are simple consequences of (2.61). We use the 
following schematic formulas (it is of the same form once we replace ip by T), 

[V 4 , V]V> = 1p ■ (V^> + + Y -Y) +1pg ■ V 4 ^, 

[V 3 , V]V = trx • Vip + ip ■ (Vip + ^ g + Y ■ Y) + ip g ■ V 3 ^, 

These formulas allows one to use previously obtained estimates to bound the commutators. 
We observe that possible anomalies are due to the presence of V 4 V> and V 3 ^ at the right-hand 
side of the above formulas. They may cause a loss of S~%. But Holder's inequality gains 5% 
which compensates this loss. This completes the proof. □ 

We turn to the estimates on second derivatives of Maxwell field. 

Proposition 2.22. If 5 is sufficiently small, we have 

(2.64) 



||(VV 4 a F ,VV 3 a F ,VV4PF,VV 4 cT F )|| L 2 m u) <C, 

(sc) v UJ 

||(VV 4 a F ,VV 3 a F ,VV 3 p F ,VV 3 (j F )|| i 2 (H s < C, 



(2.65) 



Proof. The proof is straightforward. We first apply V on (1.30)-(1.35). The angular derivative 
cleans up all linear anomalies. Thus we can use the estimates derived so far to complete the 
estimates. We omit the details. □ 
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Next proposition collects remaining second derivative estimates on connection coefficients. 
Proposition 2.23. If 5 is sufficiently small, then 

||(VV 4 *rx W 4 X, VV 4 r/, VV 4 r?, W 4 w, VV 4 ^, VV 4 x)|| L 2 {Hu) < C, (2.66) 



||(VV 4 irx, VV 4 »7, VV 4 »7, VV4W, VV 4 tfX, VV 4 x)IIl? ,(h ) S C, (2-67) 
\\(VV 3 trx,VV 3 x, VV31), VV 3?? , VV3W, VV 3 ^, VV 3 x)|b m ) < C (2.68) 

— — — (sc) v — VJ 

||(VV 3 irx, VV 3 X, VV 3 r/, VV377, VV 3 w, VV 3 ^)|| L 2 < C, (2.69) 

— — ( sc ) 

Proof. Except for VV 4 ?7 and VV 3 ry, all the terms can be estimated directly from (1.3)-( [L14 ). 
For ip £ {tr%, x, 77, tr%, x}, the corresponding null structure equations in V 4 direction read as 
V 4 ^ = trx -ip + ip- ip + VV> + ^4 + T • T. Thus, 

VV 4 V> = trx Q • VV> + ^ • W> + V 2 ^ + W 4 + T • VT. 



Every term on the right-hand side is bounded along H u . Thus, 
Similarly, along H u , we have 



\w^\\ LU(Hu) <c. 



||VV 4 V|| L 2 , H j<C. (2.70) 

(sc) v — Vl j 



Since the norm TZ 1 does not include Va, ||VV 4 x||l2 i h \ is absent in (2.70). We can proceed 

(sc) ^ — vj 

in the same way to prove the those estimates in V 3 directions and we omit the details. 

It remains to control the most difficult terms VV 4 r/ and VV 3 ??. Since the arguments are 
similar for both, we only derive estimates on VV 4 ry. Recall the transport-Hodge system for 

(m,?z)> 

V 3 ^ = trx ■ (ip g -ip + Vip) + ip ■ (ip g ■ ip + Vip + \& 3 + T • T), (2.71) 

Vri = fi + p + a + ifj -ip. (2.72) 

We observe that uj and w do not appear among V^'s. This is extremely important since we do 
not have estimates on VV 4 cj and VV3W. Another observation is equally important: there is no 
double anomalous terms in the form trx Q • ^, trx Q • X or t r X • X- 



We derive a transport-Hodge system for (V 4 /i, V 4 ??). In view of (2.71), we derive 

V 3 (V 4 ^) = (ip • VfJ, + u ■ V 4 /i + to ■ V 3 ^) + (tp g ■ ip + Vip) + (ip • V A ip + V A Vip) 

+ V A ip ■ (ip g ■ ip + Vip + ^3 + Y ■ T) + ip ■ (ip ■ V A ip + V A Vip + V 4 ^ 3 + T • V 4 T). 

where ^3 E {(3, p,a,a}. We have replaced trx Q and V 4 trx Q by the constant 1. Without loss 
of generality, we can drop some terms which enjoy easier and better estimates. Thus above 
equation is reduced to the following form, 

V 3 (V 4 ^) = ip ■ V/x + u ■ V A p + u ■ V 3 /i + (1 + ip) • V A Vip + V A ip • (ip + Vip + #3 + T • T) 

+ ip ■ (V 4 * 3 + T • V 4 T) = T x + T 2 + T 3 + T 4 + T 5 + T 6 . 

Commuting V 4 with ( |2.72 ), we also have, 

V(V A rf) = V A p + (V A p + V A a) + ip ■ (V A ip + Vri+y A + ipg-ip). (2.73) 
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We control J Q U \\Ti\\ L 2 ^ u , u ^du'. For T\, in view of (2.32), we have 

(sc) 



For T2, we have 



I/? . (u' ,u) . {u' ,u) ' 

\sc) I (scj lp {sc) 



For T3, in view of (2.71), we also have f Q u \\T^\\ L 2 ( u ' :U )du' < C. 

For T5 (we come back to T4 later), it consists of four terms. The one involving Maxwell field 
is easy since it is a cubic nonlinearity. Each of the rest three terms can be estimated by virtue of 
Sobolev inequality. We only treat one of them to illustrate the idea. The others can be derived 
in the same manner. First of all, we have 



(«<0 V 



In view of Proposition |2.19| and Lemma |2.4[ on S u ,u we have 

+ 6*\\V^\\ L 2 < <Hc(||VV 4 V|| 



l|V 4 VllLf <I|VV 4 ^||J 2 ||Vk. 

(sc) ^( sc ) 



L («) 



(sc) 



1 

-3||r2 

(sc) (sc) 



l*3lLf , ;$ liv* 3 



* 3 ||? 2 +^II*3|Il? <c(||v* 



(sc) 

1 



1), 



(sc) 



(«0 



(sc) 



Thus, 



V#-*3||^ (< „)<^C / (||VV 4 



(sc) 



+ 1)(||W 3 ||£ 2 



+ 1) 



<6*C 



l W ^ll^ c) (5 u ,J + l|V^||^ c)( 5 u ,J + l) 



<C+||VV 



4V )■ 

(sc) v — 



Recall that in Proposition 2.23 we have just proved || VV^H^ ( H \ < C. Since a; and a; are 
absent in ( |2.71[ ) and ( |2.72[ ), we have /" || • ^Hi? M ) ^ C. Hence, /" \\T 5 \\ L 2 {u , u) < C. 

I 1 ■ 1 yj (sc) v ' ^ (sc) v 1 

For T4, we have to treat different components in different ways, 



H T 4||z2 , u , ) < 

(sc) v ' — ' 



IIV4WIL2 (u>) < 



0) V 



l|V 4 Vr7lL ? ^ + 2 l|V 4 VV|| L 2 K)M) 
— ( sc ) — ( sc ) — 



< C + 



Jo 



|VV 4 r/| 



(sc) v '— 7 



[|VV 4 V]| 



Hence, /* < C + HW^H^^. 

For Tg, it has two terms. We estimate them one by one. According to null Bianchi equations, 
V 4 * 3 = W 9 + V • * + T • DT, we derive 



V4* 3 || L? (U>) <^A / ||W|| L? KiU) + ^A ||(^, J DT)|| L 2 r u ^<C. 

{SC) Ip. \ sc ) \ sc ) 
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Thus, JqTq < C. Putting all the Tj's together, we have 



Thus, 



7 , I II -'ill I/? Ju'u) 

du'<C+ ||V 4 HI + / [IV4V17H 

Jr. (»C)V _/ n — (SC)V >— / / - ( SC )V l_J 



IIV4MII 



<C + 



l|V 4 /x|| 



PI L? ,(u',u) 



+ 



||VV 4 r;|| 



1 (u'u) ' 

— ( sc ) — 



Thanks to Gronwall's inequality, we have 



l|V 4 /i|| 



<c 



||VV 4 r/|| 



(sc) v ' — * 



(2.74) 



We use elliptic estimates on Hodge system (2.73) on S Uj y, to derive 

II W 4 r ? || i 2 < |[V4A*|| i? + ||V 4 p|| L 2 + ||V 4 c7||^ + U ■ (V 4 */> + V V + tt 4 + 1> g 

— (sc) — ( sc ) ( sc ) ( SC J — 



(sc) 



< 



||V 4 mIL? +l|V 4 p||i 



(so) 



'(sc) 



l V 4^||i2 . 

(sc) 



+ c. 



Combined with (2.74), we have 

I|v 4 mII 



L (sc)( Su >yJ 



<C + 



I|v 4 mI| 



(sc) v ' — 1 



Thanks to Gronwall's inequality, we have ||V4//|| L 2 i Su \ < C. We now go back to (2.72) again 

(sc) 



to derive 



This completes the proof. 



HVV 4 r7|| L2 {Hu) + HVV^IU {H ) < C. 

— ( sc ) — ( sc ) — — 



□ 



2.5. End of the Bootstrap Argument for Theorem A. Combining all estimates derived 
so far, we close the bootstrap argument for Theorem A by showing next proposition. 



Proposition 2.24. If 5 is sufficiently small, we have 

(S) 0O,oo < C. 



Proof. For ip G {trx, X, rj, to}, in view of Lemma 2.4 and Proposition 2.23, along H = H u 

|2 

J (sc)^>^ 



+ liv k 



^ c)W )(^||v^|| i?sc)(H) + ||v 4 v^|| i?se)W ; 



(2.75) 



<c. 



For if; E {trx, Xi u }-> similarly, we have HV^II^ 4 (uu) ~ Thus, for a non-anomalous ijj g , 

— — — ■ (sc) >• 1 — ' " 



Ij 9 \\l Tsc) {u,u) < ll^lli4 sc)(u&) ||v^||^ c)(U)y) + ^II^IL4 sc)(u ,„) < c. 



For an anomalous ip E {x, x}> we use (2.23) and the localized Sobolev inequality (2.8) to derive 



(u,u) < _ SUP_ (||V^|| £ 4 + UhlJMSu^)) £ C. 



it. . it c 



(sr)\ 



This completes the proof. 

In the rest of the section, we derive more L, <, estimates for later use. For curvatures, 

' (sc) ' 



□ 
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Proposition 2.25. If 5 is sufficiently small, we have 

-!- \\(P,p,a,P,a,K)\\ Lj , Suu) <C 

(sc) '— 
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6 4 I \a I r 4 I q 



Proof. For curvature component $ 6 {a, />, /3, a}, in view of Lemma 2.4 we have 

+ l|V 4 *|| 



*ll^ c) (5„ >H )<(^ll*IL L , ( ^) + l|v^|| iLi(i ,, 



( 3 c)V 



<c(^c + ||v 4 *|| L?sc)(ffu 



1 

2 . 



To bound ||V 4 *|| i2 (H ), we use (1.23), (1.25) or (1.27) to replace V 4 # by V 4 * = V* + ip ■ 

^ + T • VT. Those terms can be easily bounded. This yields the desired bound. Similarly, we 
can bound (5. The estimates on K is directly from (1.19). 
It remains to control a. 



a r.4 



< C(55C +||V 3 «|| L 2 (JT j 



In view of (1.20), V 3 a = a + + ^ • ^ + T • T. In view of the anomalous estimates on a, this 
gives the bound. □ 

For connection coefficients, we have 
Proposition 2.26. If 8 is sufficiently small, we have 

\\^\\ L f sc) (s u ^ + ||(V 4 irx,V 4 r ? ,V 4 w,V 4 trx,V 3 % V 3 5, V3^,V3M|| L 4^ (5 „ ia) < C, (2.76) 



||(V4x, v 4 x,v 3 x, v 3 x)||i4 (5 j < 

(.sc.) ,— 



ll(V 4 r7,V 3 



(2.77) 
(2.78) 



Proof. In view of the proof of Proposition 2.24, we have estimates on HVV'II^ rs uu )'i f° r ^ ne 

( sc ) ' 

remaining terms in (2.76) and (2.77), they can be directly derived from null structure equations. 
Schematically, for N = 3 or 4, they satisfy 

V N ip = trx •V' + V'-V' + V^ + ^ + T-T. 

Each term on the right-hand side can be bounded by the estimates derived so far. The potential 
danger comes from trx Q ■ ip. When ip £ {x>x}i it leads to anomalous behavior in (2.77). 

It remains to deal with ||V 4 r?|| L 4 (s uu ) an< ^ II^^IIl 4 (S uu )- They can be estimated directly 
from Corollary 2.20| Proposition |2.23 and Lemma |2.4| This completes the proof. □ 

Remark 2.27. All the estimates derived in the bootstrap argument of Theorem A will be valid 
throughout the paper. Notice that we do not have the Lf c JS U)U ) estimates on V 4 u; and V 3 w. 
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3. Theorem B - Trace Estimates and Angular Momentums 
3.1. Trace Norms. We recall the definitions of trace norms introduced in [13] . 

Definition 3.1. For a tensor field tp along H = Hu ,Vi \ relative to the transported coordinates 
(u,0), its scale invariant trace norm is defined as 

H\\Tr (ac) (H) = s- scW ~H sup Fwu,y!,e)\ 2 du!)h 

eeS(u,o)Jo 

for a tensor field ip along H = H_u' U \ relative to the transported coordinates (u,6), its scale 
invariant trace norm is defined as 



Tr 



(sc) 



{K) =5- SC ^( sup / mu,u,e)\ 2 du')^ 



9eS(p,u) Jo 

We recall the sharp trace theorem below. We refer to [13] for a proof. 
Proposition 3.2. If 5 is sufficiently small, for any ip along H = Hu , we have 

l|V4^||Tr ( . c) (fl) % (l|V!VI|^ sc) (H) + Uhf sc) (H) +<53Csup(||^|| £ » )(tl) „) + || ^ Ml^u)))^ 

x(l|VVlL ? JH)+^Csup(U\\ Lr M + \\Vij\\ Lf ( 

(sc.)'- I u (sc)'- '—' (sc)'- >—' 

+ ||V 4 VV|| L 2 {H) + \\V^\\ L 2 {H) + 5*Csup(\\i>\\ Lr iu , u) + ||V^|U ( u) )), 
and for any ip along = , we have 



l|V 3 ^||Tr ( . c) (fl3 ~ (H^IIl^® + U\\lI c) (H) +^Csup(||V||L- )(u , a ) + \\V 3^\\ L^u)))* 

x(l|V 2 V>|| L 2 > H) +5 1 2Csup(U\\ Lr M + \\Vij\\ Lf ( tt) ))s 

(sc)^ — ' u (sc)~- (sc)\ '—' 

+ IIV3VVIL2 /h) + ||V^||rf (H) + <5sCsup(||^|U r .(„,„) + ||V^|U ( ))). 

(sc) v — ' \ sc ) — n ( sc ) — ( sc ) 

3.2. Trace Estimates on Curvature and Maxwell Field. 
Proposition 3.3. If 6 is sufficiently small, for ^ g ^ a, we have 

Shh\\Tr isc)iHu) + \h\\ T r isc) (Hj) + II {?,§) \\ T r isc) (H„) + ll(A£)lk (sc) (iy < C. (3.1) 



Proof. We first derive estimates on a which relies on (1.6). To avoid u>, we rewrite (1.6) in 
following form 

a = -O • V 3 x' - trx ■ X, (3.2) 

where the modified term x' = en j°y s the same estimates as x- We can ignore tr% • x since 
it enjoys better trace estimates. In view of Proposition 3.2, we have 

\h\\Tr {SC ) { Hj < (\Nin L i c) (H)+c+s^c\\v 3 n^ 

+ uvaVx'iL^H) + cs\ wm LUM +c< \\m\i um + c. 
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To estimate | V 3 x [ £,2 fm, we differentiate (3.2) to derive 

— (sc) ^ — ' ' 

V|x' = V 3 a + trx Q ■ V 3 x + trx • V 3 x + X ■ V 3 trx_. 

Thus, 

MXLl^HJ < HVsaH^^j + ||trx Q • V 3 x\\ L * sa)Qi j + C< C<H. 

This proves the desired estimates on ||«||rr (sc) - 

We now derive estimates on /3. It relies on (1.8). The proof goes exactly as above. Similarly, 
we can derive estimates for other quantities. This completes the proof. □ 

We now turn to the trace estimates for Maxwell components. 

Proposition 3.4. If 5 is sufficiently small, we have 

sH\\V4a F \\ Tr(sc) (H u ) + \\V3a F \\ Tr(sc){K j) + \\Va F \\ Tr{sc){Hu) + \\Va F \\ Tr(ac){ Hj < C. (3.3) 

Proof. We derive estimates for a F . The bound for a F is similar so that we omit the details. We 
start with V 3 ejp. According to Proposition 3.2, we have 



|V 3 a^||Tr Cac) (g) £ (l|V 3 a F || L 2 (K) + C + sup \\V 3 a F \\ L 4 („,«))2 (||V 2 a F || L 2 ( ^ } + C)a 



+ ||V 3 Vof|| L 2 {R) + \\Va F \\ L 2 {K) + C5? 

(sc) ( sc ) 



(sc)V — / ( sc )\ 

< + C)-2 + ||V 3 Va F || L 2 {H) + C< CS~i + ||V 3 Va F || L 2 {H) . 

(sc) v — 1 (sc) v — ! 

1 



It suffices to show that ||V 3 Va^|| L 2 (H \ < C5 *. The idea is, by integration by parts, we can 

(sc) ^ — ' 

move bad derivatives to one component to save a 5^. In fact, 

II V 3 Va F ||2 2( ^ = J V 3 Vap • V 3 Va F = J V 2 a F ■ V 3 V 3 a F + E, 

where error term E comes from boundary terms of integration by parts and commutator of 
[V 3 , V]. It is easy to see that in this form, we have ||V 3 Vcjp|| 2 2 i H \ ^5 C5~?. This yields the 

(sc) ^ — ' 

desired estimates. 

For the bound of Va F , we introduce an auxiliary tensor ip 

V 3 ^ = Vap, <p(0,u) = 0. (3.4) 

By commuting derivatives, together with Gronwall's inequality and all the estimates derived so 
far, one can easily show that 

IMI^ SC) (^) + IMI^c^) + liv^ll^^) + IIVsV^n^^ < a 

We claim a more serious bound on (p, 

IIVVIIl? Ah u )<C. (3.5) 

(sc) v — ^L' 

We use l.o.t. to denote terms which either are much easier to estimate or enjoy better estimates. 
We commute A with (3.4) to derive 

V 3 Alp = VAap + l.o.t. 
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We apply *T>2 on (1.34) and (1.35) to replace Aa F by VaV(p, a) + l.o.t. This allows us to do a 
renormalization to rectify VAa f as follows, 

V 3 A<,o = VV 3 V(p, a) + l.o.t. = V 3 V 2 (p, a) + l.o.t. 

Hence, we derive 

V 3 (A^ - V 2 (p,a)) = l.o.t. 
This equation allows one to derive estimates on || Aip— V 2 (p, c)\\ L 2 r H \ hence on ||V 2 93|| i 2 r H \. 

(sc)^ — Vl' ( sc ) — — 

Finally, we use Proposition 3.2 and Lemma 2.4 to control ||V 3 c^||y r ,jh)- I n view of the defini- 



tion of tp, this completes the proof. 



□ 



Remark 3.5. Similarly, we can easily derive that, for DT = V/?f ; Vctf, V 3 a^, V^ap, V^pf, 
V 3 pF; V4CTF or V 3 crp, we have 



IDT I 



Tr (sc) (H u ) + \\ DT \\Tr (sc) (HJ ^ C. 



3.3. Trace Estimates on connection coefficients. 

3.3.1. Estimates on || Vx\\Tr (sc) (H u ) and ||Vx|| Tr(sc)( tf j. In order to control \\Vx\\ T r {sc) (H u ) and 
I l^xl I we introduce two auxiliary tensors (p and (f>, 

V 4 = Vx on H u , 0(u,O) = O, 

V 3 = Vx on H^, 0(O,n) = O. 
Proposition 3.6. 7/(5 is sufficiently small, we have 
(!)■ 



(3.6) 
(3.7) 



(sc) v — w/ 



,V0,v 4 <a)|| L 2 sc)(Su , m) + H0ll^ c) (5 Ul3i ) + ll(vv 4 0, v 2 

(2). 11(0, V 3 0)||^ e)(Suia) + ||^IL4 sc)(5uia) + ||(VV 3 <^ " 

II v ^II^ c) (hj<c + ||v 3 ^|| l , sc)( ^ } , 

Remark 3.7. yls consequences of Lemma \2.J\ and Proposition^^ we have 
h c) (H u ) + ll(V 4 0, Vx)||t, (sc)( ^) < ||V 3 ^||^ 



< c 



+ IKW, Vx)||rr (ic)( ^) < c+ ||V 3 M| 



1 



(3.8) 
(3.9) 
(3.10) 
(3.11) 

(3.12) 
(3.13) 



Proof. Because of the presence of trx Q , we expect the estimates along incoming null hypersurfaces 
are more challenging. We will only prove the second part of the proposition. We observe that 
(3.10) is a direct use of the estimates derived through the proof of Theorem A. We turn to the 
proof of (3.11 ). 

Let V>3 £ {t r X> X> Vi V}- 111 particular, ui and uj are prohibited. We commute derivatives to 
derive 

[V 3 , V]£ = X ■ + VV>3 • ± + ^3 • V 3 + T • T • + x • ^3 • 0, (3.14) 

[V 3 , V 2 ]0 = x ■ V 2 + • (V 3 V0 + VV 3 0) + V-03 • (V0 + V 3 0) + V 2 -0 3 • 

+ T • T • Vcp + T • VT ■ 4> + x- ip3- V(/> + ^3 • vv> 3 ■ 4> + x- V-03 • 4>- 
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Hence, by taking trace, we have 

[V 3 , A]0 = trx Q • V 2 ^ + x ■ V 2 + E l . 

We claim that error term E\ satisfies ||£?i||r2 r H \ < C + CS2 ||V 2 4>\\ L 2 , H -,. The idea is to 

(sc)^ — W — C sc ) — — 

in either case 



2.4 



use either Lf n estimates on Vd> or L?° > estimates on In view of Lemma 

(sc) X. (sc) X. 

the quantity is bounded by ||V 2 ^|| L 2 / H \. We only deal with one term in E\, say T • VT 

— ( sc ) — — 

to illustrate the idea. 



J (sc)^— u' " " (sc) " "^(sc)^— «J ''— U "(se)^~S7 



<^(||v 2 ^|| L2 (H) + 1| vv 3 0lU ? ( HJ + w L? (H) ) 

Isr 1 .] v It' (sr. ^ It' (sr. * li / 



(sc) \— 

<C + C«5l||V 2 0|| L2 (HJ . 



Thus, 

V 3 A0 = AVx + trx o V 2 + x • V 2 ^ + £1 = VA X + trx Q V 2 ^ + x • V 2 + [A, V]x + £1 
Since, on H_ u , 

||[A,V]xlL ? _ = \\KV£ + VK-l\\ L 2^ <5^\\K\\ Lf _J#\ Lf ^ + \\VK\\ L 2 Wr,«.)<C, 
we derive 



(sc) — (sc) 



(sc) — (sc) ' 



V 3 A^ = VAx + trx V 2 ^ + x • V 2 + £ 2 , 



(3.15) 



with error term E2 satisfying H^Hl 2 + C52 1| V 2 ^|| L 2 ^ \. We then apply *D2 to 

(sc)^ %) (sc) V ?*/ 



(1.16) to derive 

Ax =* V 2 p + V 2 trx + V(tr X • ^ 3 + • */>3 + T • T) + K ■ % 
We differentiate the equation once more to derive 

VA X = V 2 /3 + V 3 trx + K ■ V 3 <f> + E 3 , 



(3.16) 



with error term ||^3[|r2 ( H \ < C. Combined with (3.15), we have 

73 



V 3 A0 = V 2 /3 + K • V 3 + V 3 trx + trx • V 2 + x • V 2 ^ + E 2 + Efe- 



(3.17) 



For V P, in view of (1.8), we transform it into a term involving V 3 derivative, 
V 2 /3 = V 2 V 3 r/ + V 2 (x • fa) + V 2 (T • T) = V 3 V 2 t? + E 4 , 



with error term H^H^ r H \ < C. Combined with (3.17), we have 

V 3 A^ = VsV 2 ?? + V 3 (K • 0) + V 3 trx + trx Q V 2 ^ + X • V 2 + £5, 



where E$ = E 2 + E3 + E4 — V3K • 0. Since V 3 i^ • can be easily bounded according to ( 1.19 ), 
we have 

II^II^^^c + c^iivVii^^. 

Putting things together, we have derived the renormalized equation 



V 3 (A0 - V 2 ?? — K ■ cp) = V 3 trx + trx Q ■ V 2 ^ + % ■ V 2 + £5 



(3.18) 
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This formula allows us to derive 

|| - V\ - K ■ H lU{Sua) <C+ \\Vh?x + m LU (H u) + P HV^H^^ 

J 

thus, on S = S Uj u and H_ = fl u , we have 

2^11 . i /-Tffillr^jJI _ i IIT73 + _J| . , / II v-' 



\m\L U ( S) < c+ iiv^il ? (5) +csnv^\\ Ll m + \\^trx\\ LUiK) + / iiv^ii^ {Sua) . 

J 

Standard elliptic estimates imply 

llvVll^^) < ^ll^ll^^c^-^oll^JI^-s^o ^ll^lli^^c-s^^ll^s^ll^^c-^^ + ll A ^H c) (^) 

<||A0|| L?sc)( ^ )+ C + ^l||V^|| i?3c)(Sa) . 



Hence, 

l|VV||^ c)( 5) < C + IIV^H^^ + C6i l|V 2 0||^ c)(ffl + ||V 3 trx|| L , sc)(S + jf \N 2 th Ui s^) 
We remove the last term by GronwalFs inequality to derive 

\\^\\l U (S ua) <C+\\V\\\ lU(Sua) + ||V 3 trx|| i?sc)( Hj +CsHv 2 ct>\\ LU{K j. 
We then integrate on H u and use the smallness of 5 to complete the proof. □ 

3.3.2. Estimates on \\ V 3 trx\\ L z (h u ) and \\V 3 trx\\ L 2 jhJ- 
Proposition 3.8. // 5 is sufficiently small, we have 

\\^ 3 trx\\ LU{Hu) + HV^rxH^^ < C. (3.19) 

Remark 3.9. As a consequence, we have 

\\(Vtrx, V^)||l- c) + ||(Vx, Vx)lli£ K«) + W V k\\Tr (sc) (HJ + H V xllTr (sc) (^) < C. (3.20) 



Proof. We bound the second term of (3.19). The first one follows in the same manner. To avoid 



unpleasant derivatives on uj, we define try 7 = Q 1 tr% and use the following form of (1.5) 



Vstrx' = -^(trx') 2 " f^lxl 2 - ^" 1 |a F | 2 . (3.21) 
By a direct but tedious commutation of derivative, we can show that 

[V 3 , V 3 ]trx' = X • V 3 trx' + ■ (V 3 V 2 trx' + W 3 Vtrx' + V 2 V 3 trx') 

+ [(V 3 Vs + Vx + ^3 • V>3 + T • T) • V 2 trx' + Vifo • (V 3 Vtrx' + W 3 trx')] 
+ |(V 2 V 3 + ip3 • V-03 + T • VT) • Vtrx' + V 2 ^ 3 • V 3 trx'] 
= X- V 3 trx' + F!. 
We claim that error term F\ enjoys 

Ml? AH ) < C + ^l||V 3 trx||l 2 (H y (3.22) 
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To prove (3.22), we first observe that, since we can simply ignore all fi's in 

estimates. The second observation is the following Sobolev estimates, 



l v2tr 2db ,(s„ )H ) 



+ HVtrxlU- < C5\ + ||V 3 tr X ||| 2 



(3.23) 



The bound (3.22)for F\ is immediate by combining those two observations and the estimates 
derived so far. 
Hence, we derive 

V 3 VAtrx' = X ■ VAx + Vx • V 2 x + X • V 3 trx + Vx • V 2 trx + VA(|a F | 2 ) + F 2 , 
with error term 1 1 i 7 ^ 1 1 (H ) ~ C + C5a 1 1 \7 3 trx 1 1 z, 2 (H V We turn to the renormalization of 

(sc)^ — yj — ( sc ) — — 

terms with three angular derivatives. For VA(|a F | 2 ), in view of (1.34) and (1.35), we have 
V 3 (p_F, a F ) = DiQtp + ip3 ■ T. After using *Z?i and commuting derivatives, this equation is 
reduced to 

V 3 V(p F , a F ) = Aa F + ip 3 • VT + VV> 3 - T + ip 3 -Y. 
We differentiate the equation once more to derive 

V,V 2 T = VAa p + F 3 , 



with error term 1 1 ^3 1 1 ^2 i H \ < C. In view of (3.15) in the previous subsection, we have 



Hence, 



V 3 VAtrx' = X • V 3 A^ + Vx • V 2 x + X • V 3 trx + Vx ■ V 2 trx + V 3 V 2 T 9 • a F 
+ V 2 a F • Va F + x • (trx Q V 2 ^ + x • V 2 + E 2 ) + F 2 . 

V 3 (VAtrx' - xA0 - a F V 2 T 9 ) = T x + T 2 + • • • + T 5 + F 4 (3.24) 

= V 3 x • A0 + Vx • V 2 x + Vx • V 2 trx + V 2 T 9 • V 3 a F + V 2 a F • Va F + F 4 , 

x 1 

with error term H-KiH^a i H \ < C + C<5 2 1| V 3 trx|| 2 2 , In the derivation of (3.24), we have 

ignored x ■ V 3 trx since it will be eventually eliminated by the Gronwall's inequality. 
We the estimate Tj's along H_ u one by one. For 7\, in view of Proposition 3.6, we have 

ll T iH^ c) (^J £ 5i ll V 3illTr {flc) (^jl|A^|| LL)( ^ } < ^||V 3 x||T, (sc) (Hj(l|V 3 trx|| iL)( Hj + C) 



In view of ([L6]), we have || V 3 £ II Tr (sc) (H J ^ C + \\a\\ T r (sc) (HJ- Thus, we have 



\TiWv ){ H u )<C5i\\Vhr X \\ Ll mj + C. 

(sc) v — Vl' — (sc) — uj 



For T2 , in view of Remark |3.7| we have 



< ^^H^a:II^. (sc) c^)I|v 2 xII^ sc) c^) < + ^^11x73^11^^^. 

For T 3 , we use two more derivative to bound HVtrxIlL 00 > thus, 

— (scj 

ll T 3ll^ c) (HJ<^l|Vtrx^^ 

<C^+C^||V 3 trx||; 



L ^H L 2 my 

(sc) y — %f 
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For T4, we have 



For T5, we have 



Thus (3.24) implies 



HVAtrx'H^ >)U) <C+||(x-V0, a F -V 2 T,)|| i? , <u) + Cfr ||V 3 tr X |U {H ) 

— (sc) v ' — ' — (sc) ^ '— 7 — (sc) v — U/ 

<C + ^l||V 3 tr X |U (HJ . 

(SCJ V 



Thus, we have ||V 3 tr X || L? , } < C + C5* || V 3 tr X || 

— (sc) v — — 

the smallness of S to complete the proof. 



L 2 (h )• We then integrate on H_ u and use 

□ 



3.3.3. Estimates on \\(Vr], V7y)||r r - ^(h u ) an d IK^ 7? ?>^ 7r /)llTr (sc) (// u )- I n order to obtain trace es- 
timates on V77 and Vry, we introduce the following auxiliary tensors. 

V 4 ( (4 V, (4 V) = (Vr ? ,V ! ?) on ( ( 4 )^, 0), 0)) = 0, 

V 3 ( (3 V, (3) 0) = (V^Vt?) on ( (3) 0(O,M), (3 V(0,n)) = 0. 

We also define ip = ( ( 4 V, (4 V>) and = ( ^(f), {3 V>)- They can be estimated as follows 

Proposition 3.10. If 5 is sufficiently small, we have 

[K^v^v^)!!^^) + [Mli4 sc)( „,„) + ll(vv 4 v9,v^)|| L 2 sc)( ^ ) < c, 
l|vVll^ c) (H u )<l|v 2 /,||^ o)(Jf „ ) + c, 

\\(cp,Vcp,V 3 ip)\\ L 2 {u . u) + \\ip\\ Lf .(„,«) + 1| (VVa^Vl^Hia .( H j<C, 

— — — (sc) v — — ( sc ) — — ( sc ) — — 

HvVlL ?sc) (Hj<llv 2 Mll i?3c)(S3t ) + a 



(3.25) 

(3.26) 
(3.27) 
(3.28) 
(3.29) 



Remark 3.11. ^4s consequences of Lemma (|2.4|) and Proposition 3.2, we have 



(«0 



(«0 



+ l|V 4 ^||Tr (so) (H„) + II (Vr?, V 5 )|| Tr(sc)(Hu ) < l|V 2 /i|| L 2 sc)(Hii) + C. 



+ IIV3^||Tr (se)( Hj + ll(v^)|| Tr(se)ay < \\v 2 (4\ LUiK j + c. 



Proof. (3.26) and ( 3.28| ) are extremely easy to prove by using the estimates derived so far. For 
the remaining estimates, we shall prove (3.29); similarly, one can derive (3.27). 
First of all, we commute A with ( |3.25 ) to derive 

V 3 A<£ = VA(t?, 77) + trx Q ■ V 2 £ + X ■ V 2 £ + d (3-30) 
with error term ||Gi|| L 2 {H ) < C + Cs || VVIIl? , H ) . 

(sc) v — ^L> — (sc) — 1L J 

Secondly, we commute *D\ with the following Hodge system 

div 77 = —/j — p, curl 77 = — (7 + X A x> 
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to derive 

V A?? = V V + V 2 (p, a) + G' 2 , 
with error term HG^IIl 2 (h ) ^ C. Similarly, we can derive 

(sc) ^ — Vl' 

VAt, = V 3 V 2 tr X + V 2 (p, a) + G' 2 ', 
with error term HGvjIIl 2 (h ) ~ @- Putting things together, we have 



VA(j), rf) = V 3 V 2 tr X + V 2 p + V 2 (p, a) + G 2 



(3.31) 



with error term HG^H^a ^ H j < C. Recall the following transport equation for (u;,u;t) and we 



keep the exact coefficients of p and <r. 

V 3 ^,^) = ^(p, CT ) + ^.V + T-T 
By commuting derivatives, we have 



(3.32) 



with error term || G3 1|^2 r H \ < C. Putting (3.30), (3.31) and (3.32) together, we have the 

(sc) ^ — vj ■ ' ' ' ■ ' 

renormalized equation 



V 3 (A(£ - V 2 (u;, J) - V 2 ti X ) = V 2 p + trx Q • V 2 ^ + x • V 2 £ + G 4 



(3.33) 



with error term 1 1 C4 1 1 ^2 r H \ < C + C2 ||V 2 (/?|| i 2 Now we can combine Gronwall's in- 

(sc) ^ — 3*.' — ( sc ) — ^- 

■ quality, Lemma 2.4 and the estimates derived so far to prove (3.29). Since this is standard, we 
omit the details. □ 

3.3.4. Estimates on \\S7 2 p\\ L 2 , H \ and \\V 2 p\\ L 2 (H \. 

Proposition 3.12. If 5 is sufficiently small, we have 

72, .11 . 1 IIV72 



IIV p\\ LU(Hu) + \\V iA\l U[ hj<C, 

\\V(V,ri)\\Tr (sc) (H u ) + \\^(V,V)\\Tr (sc) (Hj < & 



(3.34) 
(3.35) 



Proof. (3.35) is a direct consequence of (3.34). We only derive estimates on ||V /u|| L 2 r H y, the 

other one can be derived in the same manner. 

We start to derive a transport equation on V 3 ^t. We can not afford to any loss of information 
for highest derivative terms, since those terms are potentially dangerous. They can only be 
handled through a renormalization process. Commuting derivative with (1.8), we have 

V 3 div 77 



- ^trx • div 77 - x • V?7 + §_ • 7? - 77 • x ' V + 7, trx • (rj ■ rf) 



+ g fa + U) ■ (-X • (V ~ V) + §_ ~ 2 T 63) + div (-x ■ (V- n) +§_+ 2 T m)- 



We can use (1.16) to eliminate div% to derive 

V 3 div 77 = div/3 + ^divT fc3 + ^(77 + 3rf) ■ §_ + (77 + 77) • Vtrx + (V77 + V77) • x + l-o.t. 
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Added up with (1.26) and ignoring some irrelevant coefficients, it is reduced to 
V 3 M = trx ■ p + X ■ QL + (r? + rf) ■ §_ + (77 + 77) • Vtrx 

+ ±[±(D 3 R U - D A R 33 ) + divT b3 ] + (Vr/ + Vr/) • x + i.o.t. 

For the bracket, we use the key fact DivT = of the energy- momentum tensor to derive 

\{D 3 R 3i - D±R 33 ) + divT b3 = ^V 3 (i? 3 4) + (D 3 R 33 + D a R a3 ) + l.o.t. 



1 



V 3 (R U ) - D 4 R 43 + l.o.t. = V 3 (i?34) + l.o.t. 



Thus, we derive 

V 3 (p + R 3i ) = trx • p + X ■ « + (V + v) • §_ + (*7 + V) ■ Vtrx + (Vr/ + Vr/_) • x + l.o.t. 
Thanks to ([L6]), (Hfy and ( |1.10| ), we have 

V 3 (x, V, w) = (-a, A * p) + /.o.i. 
We replace a and /j (but keep (3) by the right-hand side of ( 3.37| ) in (3.36) to derive 

V 3 (/J + Ru) = 2ti X • V 3 w - x • V 3 x + (r? + rf) ■ (0 + Vtrx) + (V?? + Vr/) • x + lo.t. 



(3.36) 
(3.37) 



V 3 (2trx-w- -|x| 



- (rj + rf) ■ (§_ + Vtrx) + (V?? + Vrf) ■ x + £-o.t. 
In view of we can regard ui ■ V 3 trx as l.o.t. Thus, we have 

V3M 1 = (rj + rf) ■ (3+ (rj + rf) ■ Vtrx + (Vr/ + Vrf) ■ x + Z-o.i. 
where [jl 1 = 11 + R 3 4 — 2trx • 00 + ^|x| 2 - Commuting again with A, we derive 

V 3 Afj} = (V 2 r? + V 2 r/) • P + (77 + 77) • A/3 + (77 + rf) ■ V 3 trx + (V 2 r/ + V 2 r/) ■ Vtrx 
+ (VAr/ + VAr/) • x + (Vr/ + V77) • Ax + (V 2 r/ + V 2 r/) • Vx + H u 



with error term ||iii|| L 2 i H \ < C. We now use (3.37) to replace A/3, thus 

V 3 [A// - (77 + 77) • At/] = (V 2 r/ + V 2 r/) • £ + (77 + 77) • V 3 trx + (V 2 r? + V 2 t?) • (Vtrx + Vx) 

+ (VAr/ + VAr/) • x + (V77 + Vr/) • (Ax + V 2 trx) + H 2 , 
with error term 1 1 -f^2 1 1 ^2 (h 1 ~ @- We s ^ m nee d to renormalize the terms involving VA77, 



VA77X and Ax- In view of (3.30) and (3.16), if we define fj? = A/i 1 — (77 + 77) • A77 — x • Ai^, we 
then have 

V 3 /j 2 = (V 2 ?? + V 2 r/) ■ §_ + (77 + 77) • V 3 trx + (V 2 ?? + V 2 r/_) • (Vtrx + Vx) 

+ x • V V - • V 3 x + (Vr/ + Vr?) • (V/3 + V 2 trx) + #3 
= T 1 + T 2 + --- + T 6 + H 3 , 

with error term ||f/T 3 || L 2 r H \ < C + CJ2 1| V 2 y?|| L 2 \. 

(sc)^- — — ( sc ) — 31 

We estimate Tj's one by one. For Ti, we have 



\\Tx\\ L > ){ h u )<^\\(V\V' 

(sc) v — Vl 1 



Tr (ac) (KJ < 
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For T2, according to Section [3.3,2 we have 

\\T2h2 m ) < C^||V 3 tr X || i2 , HJ <C6*; 

(sc) v — u/ — (sc) v — Vl' 

For T3, thanks again to Section [3. 3. 2[ we have 

\\nh U{E J < SH(V\ V 2 ZZ)IL ?sc)(S j(l|Vtrx||^ c) + l|Vx|| Tr(sc) (Hj) < cr«i ; 
For T4, in view of (3.29) or (3.33), we have 
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mh^s^ < (1 + ™») ^ l|V^IL ?sc)(Sa , a) < (1 + C**) j q IIV^H^^^ + C; 
For T5, in view of (1.11), we replace V 3 x by a to derive 

W^H C) (HJ < ^HV^IL^^jHallT^^j + C5 1 * < C6h\\V 2 i4^ )(3&) + CSl, 
For Tq, in view of the estimates Section [3.3.3[ we have 

\\Teh Ui HJ < Sh&r,, ^mTr (scM J\\^P\\L U{ HJ + HV 2 trx|| 

<c^||vV||^ c) ^ ) + c. 

Putting things together, we have 



(SC) v M/ 



|V>|| L 2 



^ IS' ^ < C + C8* ||V 2 U|| ,2 

Last term can be removed by Gronwall's inequality. We then perform an integration on the 
incoming null hypersurfaces to complete the proof. □ 

We now show the trace estimates on p and a. 

Proposition 3.13. If 5 is sufficiently small, we have 

ll(P^)llTr ( . c) (H„) + \\(P^)\\Tr (sc){ HJ < C. (3.38) 

Proof. We prove estimates on incoming null cones H_ and the rest follows in the same way. 
For ||o"||Tr (sc )(i? u )) i n view of (1.18), we have 

W a \\Tr {sc) (HJ = ||curl7?|| Tr . (sc)t fy + || X A xllTr (sc) (Sj £ C. 



+ (1 + C<5 



For IMlTr^CSJ) we fi rs t define <J = f2 ■ oj and rewrite (1.10) as 



9. 



V 3 (w') + (r/ + V) ■ (V + rj) + (pf 2 + <?F 2 )- 



(3.39) 



We only keep the principal term AV3(w') since nonlinear terms enjoy better estimates. Thus, 



\P\\Tr (sc) (H) 



< (IIV 



n 

(/ /) + C)^(l|W|U m) + C)!+C<C(||Vy|U W + C)3 + C. 

(sc) v — y (sc) v — / (sc) v — ' 



2, ./I 



To estimate ||Viu/||j-,2 fm, we differentiate (3.39) to derive 



3 W He)®' 

V|u/ = V3/3 + (77 + 77) • (V 3 r? + V37?) + pf • V 3/ of + o"f • V 3 ctf. 



Thanks to (1.26), we have estimates on V 3 p; for those nonlinear terms, they can be easily 
estimated by the estimates derived so far. Hence, we complete the proof. □ 
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3.4. Estimates on Angular Momentum. For i = 1,2,3, WO on S u ,o C Hq denote the 
generators of so (3) satisfying the relation 

[ {l) 0,^0] = e ijk (*b. (3.40) 

In what follows, we shall suppress the index ®. We extend O to the entire domain T> by 

V 4 O b = Xb a O a • (3.41) 

The deformation tensor 7r a p of O is defined by ir a p = Cog = \{D a Op + DpO a ). We also define 
H a b = V a Ofe and Z a = VsO a — X ab Ob and we can associate signatures to them, 

' " (3.42) 



sgn(H) = -, sgn(Z) = 0. 



We list the null components of tt, 

7I"33 = 7T44 = 7T 4a = 0, 7T 34 



-^{H a b + Hb a ),TT 3a = -Z a . 



We observe that both ir a b and Z (but not HI) vanish on ff . The goal of the current section 
is to derive estimates on tt. 

By virtue of the definitions of H and Z, as well as (1.3), ( |1.4[ ), ( |1.11[ ) and (1.13), we derive 
transport equations for H and Z 

V A H = X - H + V X -0 + P-0 + R H -0 + (rj + ri)-x-0, (3.43) 
V 4 Z = (2w + x) • Z + (r? + rj) ■ H + <r • O + V(t? + rf) ■ O + (rj + rj) ■ O ■ (r/ + r?). (3.44) 



We observe that x and cj do not appear in (3.43) and (3.44). 



Proposition 3.14. If 5 is sufficiently small, we have 

\\H r,9° + \\Z r°° 5-, C, \Wab \\r 2 (q \ + \\Z \\t2 /q \ 5~ C 



Proof. We integrate (3.43) to derive 



I #1 



< 



O) 



ff(u,0)|| L - c) + ||(Vx,/5)||Tr ( « ) (ft ( ) + C + C7^||ff|U 



Since \\H(u, 0)||lo° < 1 and sc(H) = 0, we have \\H(u, 0)||l°° < 1. This yields the estimate on 



(sc) 



H. The L°° estimate for Z is similar in view of the key fact that Z vanishes on H_ . The £? sc ) 
estimates follows again directly from (3.43) and (3.44) and the triviality of the initial data of 
7r a ft and Z. □ 

We remark that L^ sc ^ estimate for H is anomalous because (u, 0) 11^2 ~ <5 - 2. 



We turn to one derivative of H and Z. Commuting V with (3.43) and (3.44), we derive 

V 4 V# = X -VH + V 2 x • O + V/3 • O + Ei (3.45) 

V 4 VZ = (u + x) ■ VZ + V 2 (?7 + rf) ■ O + Va ■ O + E 2 (3.46) 
We can easily show that the error terms can be bounded as follows, 

ll^i,^)!!^^) + \m,E 2 )\\ LUiSuA) < a 
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Proposition 3.15. If 5 is sufficiently small, we have 

\\{vh,vz)\\ L 2 {Suu) + \\(v 4 vh,v 4 vz)\\ l1 {Hu) <c, 

(SC) ' — (sc) 

\\(VH,VZ)\\ LUiSuuJ <C. 



(3.47) 
(3.48) 



Proof. Besides E\ and E2, there are six terms appearing in (3.45) and (3.46). For x • Vi? and 
(u + x) ' VZ, they can be absorbed eventually by Gronwall's inequality. We now indicate how 
to renormalize the rest four terms. The details of the proof are routine. 

For V 2 x • O, we split it as V 2 x • O = V 2 x ■ O + V 2 trx • O. Thanks to I?,JH U ) estimates on 
V 3 trx, we have 



V 2 tr X -0|| L 4 , , } < ||V 3 tr X || 

(sc) > '— / 



+ <54||V 2 tr X ||^ e)(/fu) <C. 



To control V 2 x ■ O, we use ( |3.16| ) to derive V 2 x = V 2 A~ 1 Ax = V 2 A ~ 1 V/ 3 + £3 where £3 is 
much easier to control. Up to easier error terms, we use (1.25) and (1.23) to replace V/3 by 
V 4 (p, a). In this way, we can easily renormalize the system by moving V 4 V 2 A- 1 (/j,o-) to the 
left hand side of the equation. Hence, we can derive estimates easily. We also observe that 
V/3 • O can also be treated in this way. 



For V<7 • O, we renormalize it via transport equation V 4 u;f = \a. 



3.3.3 



thus 



For V 2 (?7 + 77) ■ O, recall we defined = (Vr/, V77) in Section 
V 2 (t? + 77) • O = V 4 (V^ • O) - Vip ■ V4O + x ■ Vy> + (x • V + P + T • T) • ip + (77 + 5) • V(ry, 77). 

We then eliminate V 4 (V92 • O) via the standard renormalization. The other terms are easy to 
control thanks to the estimates on <p in Section 3.3.3 This completes the proof. □ 



We commute V3 with (3.43) and (3.44) to derive 

V 4 V 3 # = (x + w) ■ V 3 # + (V 3 tr X + r, + »j + ( 7)-ff + Vx-2 + (V 3 Vx + X • V*) • O 
+ w • [x • H + (Vx + fa + ZZ) • X + P + T • T) • O] + (0 + T • T) • (Z + x • O) 
+ (Va/? + V 3 i? fe4 ) • O + V 3 x • Z, 

V4V3Z = (w + x) • z + w • v 4 z + (v + v) ■ v 3 # + V 3 ct • o + v 3 x • z 

+ V 3 (r? + rj) ■ H + [a + (77 + rj) • (1 + 77 + rj) + V(r/ + 77) + V 3 (w + trx)] • Z 
+ [V 3 V(? ? + 77) + x • V(i7 + 77) + (7? + 77) • (V 3 (r/ + 5) + (77 + 77) • x) + X ' 0] • O. 
Proposition 3.16. If 5 is sufficiently small, we have 

\\(V 3 H,V 3 Z)\\ L 2 {Suu) + ||(V 4 V 3 i/,V 4 V3Z)|| L 2 {Hu) < C. (3.49) 

[sc) ' ( sc ) 

Proof. We only derive estimates on || V3II \\ L 2 / Su \ and || VsZ|| L 2 , Su \ can be bounded exactly 

(sc) '— (sc) '— 

in the same manner. 

We observe that the possible dangerous terms are V 3 (3 • O, V^R^ ■ O and V3X ■ Z. The rest 
are much easier to control. For V3X • Z, Z is not anomalous, thus Holder's inequality gains an 
extra 82 to compensate the anomaly of V3X; for V3/3 • O, we use (1.22) to convert the V 3 (3 to 
angular derivative of curvature components; for V3.R&4 • O, we have 

V 3 #b4 = V 3 (/OF + <tf) ■ Otp + lo.t. = T • (V 3 p + V 3 a) + l.o.t. 
which is still easy to estimate. This completes the proof. □ 
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Remark 3.17. We have a slightly refined estimates on V 3 Z, 



|V3^||L2 sc) (5 u ,„)L-[0,n] 



To prove this estimate, we observe that 



sup \V 3 Z(u,u')\\\ L 



<c. 



(3.50) 



V4[ sup I VsZ(u, u')\] < \V 4V 3Z(u,U) 
u'e[o,u] 



Thus, we can still use the transport equation for V3Z to derive (3.50). Now we state the main 
proposition of this section. 

Proposition 3.18. If 5 is sufficiently small, we have 

\\Dtt\ \ T 2 (q \ S, C. 

Proof. We only sketch the idea. The details can be easily carried out by the estimates derived 
so far. If one computes the null component of Dn one by one, we see immediately that H comes 
either as ip ■ H or as tr%o ■ (H+ t H) . We pay attention to H since it does not enjoy non-anomalous 
Lf Q , estimates. Nevertheless, we still can proceed as follows, 



■ H\\t2 { o > 5,^2 



) (-u,u)\\ H \\Lf,(Su,u) ~ C - 



For tr^o ■ {H a b + Hab) = ^abi since ir a b has trivial data on the initial surfaces, this allows us to 
derive non- anomalous estimates on ir a b- □ 

We summarize the estimates in this section in the following, 

Theorem B. If 5 is sufficiently small, we have 

I 7r| \t4 (G \ + I 7r| too (,. ,.\ -\- I iDir] t2 rq \ S, C, 

II ii-^( sc )(.ou,uj 11 ii-^( sc )i 1 «)«; 11 ii^( sc )^u,u; ~ ' 
and for all the components of Dn except D^ir^a we have 

Moreover, 

1 

+ 1^3^11^ ( q \T.ootn „i 5-. C. 

4. Theorem C - Energy Estimates on Curvature and Maxwell Field 



(sc) ^ ' — ' 



< C, 



\\D 3 TT 3a - -V 3 Z|| L 4 sc)(iiiM) -r || v 3^11^3 (^^oo^ 



4.1. Energy Estimates on Maxwell Field. Before we start doing estimates, we first list the 
components of the deformation tensors ( L \r and 





7T44 


7T34 


7T33 


7T4a 


7T3a 




L 















^Xab 


L 










2n- 1 n 

-La 








We use L and L as multipliers rather than e\ and e 3 . The main reason is that we can avoid the 
appearance of u) and u in 7^4. 



We first take X = L in (B.3) to derive 



H 



\OLF\ + 



H 



(0,u) 



I I 2 1 1 |2 



(o,n) 



\a\ 2 + 



[[ (%-T[F]. 

JJv(u,u) 
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In the scale invariant norms, we have 

\\a F \\ 2 , to,.), + \\(pf,<tf)\\ 2 2 (H (o,u)=\\a F \\ 2 2 ( rr(o,n h + S~ 1 ^tv-T[F]. 

The integrand of the last term can be written schematically as ip Sl • Y S2 • Y S3 with S1 + S2 + S3 = 2, 
where Sj indicates the signature for the corresponding component. Since 

Together with the Lf s estimates of connection coefficients, we have 

(sc) ' 

ir 1 // tt-T[F}\<C63 f U \\a F \\ 2 , ^du' + C8^{F%{u,u)+F%{u,u)). 

JJV(u,u) JO n {sc)\ n u > > 

After a standard use of Gronwall's inequality, we have 

\\ a F\\\ 2 (H ( ,u) + \\(pf,(Tf)\\ 2 l2 (H (o,u)<\\a F \\ 2 L 2 , Hq) + C8*(Fq(u,u) +J$(u,u)). 

(sc) V u f ( sc ) — v se / 

which can be written in To and F norms as 

M<xf]+£ [pf,(Tf} <2o + C^(Jb + Zo)- (4.1) 



We take X = L in (B.3) to derive 

f \pf\ 2 + Wf\ 2 + [ \a F \ 2 = [ \p F \ 2 + \a F \ 2 + [[ (%-T[F]. 

J Hi ** Jh^ u) Jh^ JJv(u,u) 

In the scale invariant norms, we have 



with si + S2 + S3 = 1. To control the bulk integral E, we make the following a couple of 
observations to avoid double anomalies. 

Remark 4.1. For the integrand 4> Sl ■ T S2 ■ T S3 , at least one of the T Si 's is not a F . 
Remark 4.2. For the integrand (p Sl ■ T S2 ■ T S3 , if 4> Sl = tr%, then none of T Si 's is a F . 

The first one is due to the signature consideration. For the second, we observe that only way 
for x to appear is through the terms x ab ' ^afe- While this term is equal to tr% • (|pf| 2 + |<tf| 2 )- 
These two types of remarks will be repeatedly used in rest of the paper. 

Thanks to these two remarks, we split E into two terms 

-2 // /|„ \2 , I |2\ , x-2 



E = 5~ 2 // trv • (\ PF \ 2 + I o~ F I ) + 8~ 2 // i> • T • T g = E 1 + E 2 . 

JJv(u,u) JJv(u,u) 



For Ei, we have \Ei\ < L Tq(u',u). 

For E2, since the appearance of a F may cause a loss of 6%, we use Lf estimates on T to 

{SC) 

save an extra 5 * . This is still not good enough because a F can still be coupled to the anomalous 
term x (notice that x does not appear). Thus, we further split E2 into two parts 



E 2 = 5~ z I ij g • T • T g + b- 1 // x ■ «f • T g = E 2 i + E22 

IV(u,u) JJv(u,u) 
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By signature considerations, more accurately, we have E22 = $ 2 j v r u U )X ' a F ■ &f- 
For E21, in view of the fact that || i 0|| J . 4 ,„(o,u)-, < C, we have 



\E2l\ < 5? 
For E22, we have 

\e 2 2\ < H 



\ L 4 (J/ t°.s))ll T ll L 4 (ffC^llTslU (ff(O^)) 
(sc) v u' y (sc) ^ u' ' (sc) v u' ' 



— (sc) V '— / (sc) K '— / (sc) V '— / 

^ILf ,(«>') H— f\\l* ,(«>') 

(sc) V '— / (sc) v ' — ' 

<<r^o,4[x] ll v{u J\\ a ^lf sc) ^ 



'0 JO 



Jo 



Thus, 



|^22| <<T J Oo,4[x]( 



V(u,u) 



\Ll c) (s u ,J\VaF\\ L 2 gc)i s u ^))h 



V(u,u) 



\h F \\ 



+ S^OoM([[ \\a F 

JJV(u,u) 



V(u,u) («c)v JJT>{u,u) 



^ ^ a Co,4[x]( / ||aF|| L 2 fH (o, 2 ) J Vap 1 1 2 (H (.o,u )) du)2( I 5 1 F Q {u,y!) 2 dy!)i 



+ 55O 0i4 [x](/ ||a F 



(sc)\ u' ' 



We retrieve the loss of <5's back to the initial data. More precisely, according to (4.1) and 
Proposition 2.8, we have 

Thus, we have 



(sc) ' u * 



I £22 1 < (O (0) X + C^) x [Sl( Ho^IoS-* + C5l{F» + F Q ))F l {u\u)du') l 2 

Jo 

+ / (Z^ +C5\{F Q +F )fdu')l] x ( /~r^(u,u')W)3 



<Io + CS* +C(X )JF 1 . 
Putting the estimates on £1 and we have 

ll^'^)ll 2 ^ c)( ^) + ll^ll 2 LL^r ) ) 



<1 + C5± + 5- x Zi(u,y!)+ Jo 2 K,n) + C7(Xo)^i. 



Together with (4.1), we have 

^(u,u) + Tl(u,u) <T + C,5i + / <T 1 Zg(u,u') + / ^(n , ,u) + C(X m 
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We then use the Gronwall's inequality to remove the integral terms. Thus, we derive the energy 
estimates on Maxwell field as follows, 

Jb + Zo<2o + C^+C(J )^. (4.2) 
4.2. Energy Estimates on One derivative of Maxwell Field. 

4.2.1. Preliminaries. 

Lemma 4.3. If 5 is sufficiently small, for N = e% or e^ and for all components T, we have 

\\T(D N F)-V N T\\ (o- + \\T(D N F)- V N T\\ ,„«.,«) < (4.3) 



Proof. We observe that T(DxF) — VjfT is a linear combination of the terms of form ip g ■ T. 
We use Holder's inequality to bound T in and rp g in £? sc n . □ 

Remark 4.4. Similar argument also gives 



\\V a a F - a(D a F) [| a (0 ^ < C5* . (4.4) 

Lemma 4.5. If 5 is sufficiently small, for T g E {pf, <^_f} ? we have 

\\T g (C F) - V TJ (0ia) + \\T(C F) - V TJ (0 , u) < C6l 

Proof. We prove the theorem by direct computations. We only derive estimates for a F , the 
others can be obtained in the same manner. We compute 

a{C F) = V a F + ~(Z ■ a F - Z ■ p F + (H - *H) + 2(77 + rj) ■ O + trH) ■ a F . 

There are two possible anomalies: a F (this one appears in p(CoF) and a(CoF) but not here) 
and H. We shall use L^ c \ estimates on them to avoid the loss of 5. Since these two anomalies 
are never coupled together, so we can easily prove the lemma. □ 

Remark 4.6. We can compute a(CoF) directly to see that H and a F are coupled together to 
form a quadratic term, thus we have 

\\a(CoF) - Voa F \\ 2 (H (o,u) < C5 2 + 52\\H\\ 4 , (o lH ) Jof|| 4 (H (o,u) y 

(sc) ^ u ' ( sc ) u ( sc ) u 



Thanks to (4.2), next lemma is immediate from ( 1.30 )-( 1.35 ). 
Lemma 4.7. If 8 is sufficiently small, we have 

||(V 4 /9f, V 4 ctf, V40f)II L 2 (h (o,u),<Fi(u,u) + C5^, (4.5) 

(sc) >• u ' 

||(V3PF,V 3 a F )|| a (0lU ) <Zi (u,u) + C6*. (4.6) 

Remark 4.8. The absence ofV^a F in above lemma is due to the appearance of tr\ • ct F in 
(1.31). In fact, SJ^a F is anomalous and its anomaly can be retrieved to the initial data. 
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4.2.2. Estimates on Anomalies. For a given vector field X, the Maxwell equations for DxF a/ 3 
are given as follows, 



J u = D^DxF^ = IX>X s DiFs v - Rx^^ + R X \ S F^ S , 



\a(D 4 F)\\ 



J v = D^D X *F fJiV = D">X S D 1 *F Sl/ - Rx 1 + R X \ S *F j5 . 

• T[D 4 F] + D'wT[D 4 F](L). 



(4.7) 
(4.8) 



We take X = L in (4.7) and X = L in (B.3) to derive 



< 



^ c) (^)- l|a(jD4F)ll ^ sc) (^) +J 



V(u,u) 



In view of Lemma 4.3, we rewrite the above as 



l|V 4 M| 2 (Od0 <C<5i + ||V 4 a J p|| 2 ( „ {0 ,u h + S [[ ^7T-T[D 4 F]+DWT[D 4 F](L) 

L (sc)( H u ) L (bc)\ H ) JJv(u,u) 



C5-i + \\V 4 a F \\l 

(sc) v ' 



(u,u) 

(0,uV +T1+T2. 



For Ti, its integrand (%-T[ J D 4 F] can be written as V> Sl -^CD^)* 2 -^!)^)* 3 with S1+S2+S3 = 
4. Due to signature considerations, at most one of the ^(D 4 F) Si, s can be a(D 4 F). Since x does 
not appear in ^tt, we can bound ip Sl in L9° v In view of (14. 5|), we have 



(sc) 



< CS§.Fi / ||V 4 of|| L 2 fJf xdu' + CS^Tl + C5\ 
Jo < sc ^ u ' 



<C6* 



\V 4 aF\\ L 2 ( H \du' + C5*. 



For T2, we first compute it integrand Div T[D 4 F](L) . In view of (B.2), we can ignore the part 
involving the Hodge dual of D 4 F since it can be treated exactly in the same manner. Thus, we 
rewrite T)'wT[D 4 F]{L) as 



DivT[L> 4 F](e 4 ) 



1 



D4F34 • J 4 + D 4 F 4a ■ J a — T21 + T22. 



4.3 



and 



For T21, we observe that — ^-D 4 -F3 4 is not anomalous thanks to Lemma 

J 4 = D^L 5 ■ DyF$ 4 - R^F l4 + R^ 4 5 F y s = D 1 L 5 ■ D y F S4 - i? 4 7 F 74 
= D a L b • D a F M - Q-^aD^Fab - R^F y4 . 



In view of (4.4), we can replace D a Fb4 by Va? which is not anomalous; D 4 F a ^ is also not 
anomalous; -R4 7 • -F 74 is harmless since we can pose Lf^ c \ estimates on T's. Thus, we can easily 
show that T21 enjoys the same estimates as T\. 

For T 22 , recall that J a = D~*L 5 • D^F 5a - i? 4 7 F 7a + R^ a 5 F lS . As we did for T21, the second 
term i? 4 7 • F~ a is harmless so that we ignore it. We turn to the third term. If the curvature 
term R^ 1 a 5 is not anomalous, we can still use the same estimates on T\ to bound it. Finally, we 
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bound the only possible dangerous term i?4 a 4 ■ ^63 = « ■ «f as follows, 



i f u 

v(u,u) VaOF ' a ' - f1 ~ 62 Jo " v * aF H^ a »w a H^ H ^ "- f H^ 



<C8± / ||V 4 a F | 
Jo 



It remains to estimate the first term D^L ■ D^Fs a in J a which reads as 

D^L 5 ■ DjFsa = fi _1 (X6c ■ D b F ca - 2w • D 4 F 4a - Vb ■ D 4 F ba + rj b ■ D b F Aa ). 
We can easily show that the last three terms have the same estimates as T\. For the first one, 



Sr x DiF4a ■ Xbc • D b F ca \ < 



V(u,u) 



< 



|V40,f||x||Vctf| + 



|V4Q!i? + Tp ■ (XfWxW'Vo'F + tr^Op + ip • T| 

\V 4 oif\\x\\ 'f\ + C5±. 



'T>(u,u) JJT>(u,u) 

Thus, it still has the same estimates as T\. Putting things together, we derive 



| V4«ir| 



< C5i + ||V 4 a F | 



I V4«i?| 



Thus, Gronwall's inequality yields 



|V4<M|, 2 ( „(o,u). < C5i + ||V 4 a F || 2 { ) < C6& +1 6 2. 

^(sc)^™ > L (sc) [ - H > 



(4.9) 



We take X = L in (4.7) and X = L in (B.3) to derive 



l|V 3 a F || 2 ,„,„, <C8* +1Q5- 1 +5 ft ^7r-T[D 3 F] + BwT[D 3 F}(e 3 ) 
= C6* +2 <T 1 +Ti +T 2 . 

For Ti, we write its integrand ^%-T[£) 3 F] as ip Sl -^(D^F) 32 -^(DiF) 33 with si + s 2 + s 3 = 1. 
Compared to T\ term we encountered for V 4 ap, the appearance of trx as ip Sl may cause a loss 

of ($2. An additional complication comes from a(-D 3 Y): although it can be replaced by V 3 a F , 



but according to (1.31), V 3 a F is anomalous. Fortunately, this anomaly can be traced back to 



initial data. (1.31) shows the anomaly is from ctp, and the energy estimates in previous section 



shows the anomaly of ap is from the initial data. Hence, 



|V 3 a F || i2 (H (o,u)<6 zIo+Fi + CSl 

(sc) ' u f 



(4.10) 
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4.2 



we observe that the double anomalies |V 3 ai?| 2 is absent and trx n is 



In view of Remark 

neither coupled with \/ 3 a F nor V 3 a F . Thus, T% can be bounded as follows 



<C5- 2 / ^(HVaap-ll^ {H i) +Z 1 -\\V 3 a F \\ L 2 {H f) )dyf + C6*g 



IV(u,u) 



du' + 5 



T>(u,u) 



\x\ ■ |V 3 of| • |V 3 a F | 



We bound x m ^ua norm to estimate the bulk integral as follows, 



// 



\x\ ■ |V 3 a F | • |V 3 a F | < C^2 / 5 1 \\V 3 a F 



\lJ AH,) II V 3 a F || L 2 (ha 

{sc) ^ — u ' (sc) V — u / 



Together with (4.10), we have 



Zi < C5± +(i + C<55) / riV 3 a F ||22 + 

Jo ( sc ) — - 

For T2, by ignoring the part involving the Hodge dual of D 3 F, we rewrite Div T[D 3 F](L) as 

Div T[D 3 F](e 3 ) = --D3T34 ■ J 3 + D 3 F 3a ■ J a = T 21 + T 22 . 

For T21, we observe that —^D 3 F 3 4 is not anomalous and 

J 3 = D a L b • D a F b3 - n-\D 3 F ab - R 3 ~<F j3 . 

The principle term is D a L 6 • D a F b3 since D a L fe contributes a constant tr\; - We can easily show 
that the remaining terms enjoy the same estimates as T\. For the principle term, 

5 If \V 3 p\-\D a F b3 \=5 [[ \V3p\-\Va + X-{pF + <JF) + (v + v)-a F \. 

JjV(u,u) JJV(u,u) 



It is clear that the estimates on Ti are sufficient to dominate this bulk integral. 
For T22, recall that 

J a = D^L 6 ■ D 7 F 5a - R^Fja + R 3 \ 5 F j5 . 

Since R 3 ^ J is never anomalous, we can easily show that last two terms in J a can be bounded 
by the estimates on T\, We now rewrite the principle term D^lJ ■ D^Fs a as 



D J L 5 ■ D^Fsa = n-\ Kbc ■ D b F ca - 2uj ■ D 3 F 3a - ^ ■ D 3 F ba + % ■ D b F 3a ). 
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Once again the last three terms can be bounded by the estimates of T\. The only remaining 
term can be bounded as follows (we shall treat x as a constant) 



Sl^DaFsa ■ Xhr . ■ D b F ca \ < 5 



be 



I ^3a F + ijj ■ a F \ | Vcrp + trx a F + ip -T\ 



'I Pin. a) 

<S \V 3 a F \\Va F \+5 \V 3 a F \\a F \ + C. 

JJP(u,u) JJV(u,u) 

Thus, it still enjoys the same estimate as T±. Putting things together, we derive 



|V 3 a F | 



^ C )(s£°' n) ) 



< C5\ +Io + (1 + C5s) f~ 8-^Vm F \\h {sc){ H u ,) d ^ + C 2 2b 



Thus, Gronwall's inequality yields 

5^\\V 3 a F \ 



(4.11) 



4.2.3. Energy Estimates on Non- anomalies. We use CoF instead of F in (B.3) to derive esti- 
mates. We first take X = L to derive 

\\a(C F)\\% (H ^ )) + \\(p(CoF),a(C F))\\ 2 L2 ^ < Iq + T x + T 2 

(sc) — 



(») 



HCoF)\\ z ^ + 

^(sc)< a O > JJP(u,u) 



II • T[C F] + DwT[£ F}(L); 

JjP(u,u) 



We then take X = L to derive 
\\(p(CoF),a(C F) 



< 



||(p(£ 0j P),a(£ 0j P))|| 



^ c) (^°' a) ) 



1 // C% . T[£ G F] + DivT[£ F](L). 

JJp(u,u) 



Adding things together, we have 



(a,p,a)(C F)f (0jS ) + \\(p,a,a)(C F)f {0>U)) 

(sc) ^ u ' (nr.) \ H. / 



u) , < X + (Ti + 5i) + (T 2 + S 2 ). (4.12) 



For Ti and Si terms, regardless of the appearance of trx 0> we have 

^+^i< p ^\\T(C F)\\l 2 + [ U \\T(CoF)f Ll 

Jo M l — a ' Jo « i 

Thus, back to (4.12), these two integrals can be absorbed by Gronwall's inequality. 
For T 2 and S2 terms, their integrands have following two types schematic expressions, 

(/) T{C F) ■Wtv-?(B j F), (II) T(C F) ■ D^tt ■ T. 

For type (//) terms, we bound them as follows 



l(/I)l<^l|T||z£ jD^Wr* (T 5- l \\T(C F)\\ L , {H ) + P \\T(C F)\\ L 

^CS^rS^WTiLoF)^ {Hul) + 1" \\r(£ F)\\ L 2 {H j). 
Thus, back to (4.13), we can handle these two integrals by Gronwall's inequality. 
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For type (I) terms, the situation is more complicated since fy(D-yF) may involve anomalies. 
We divide it into two cases (I) = (I)\ + (1)2- 

For we require T(D^F) ^ {a(D4F) , a(D^F)} . According to Maxwell equations, we have 
T(D^F) = VT + (1 + ip) ■ T. Hence, |(/)i| can be bounded by following terms, 



// |T(£oF)|| (0) vr|(|VT| + |(l + ^).T|) 

JJT>(u,u) 

Thus, enjoys the same estimates as (I/)'s. 

For (1)2, we require $>(D^F) G {a(Z?4-F), a(D^F)}. Recall that those terms appear through 
the following expressions LoFx^ ■ • D^Fp^. We deduce that ^(D^F) ^ a(D 3 F) since 

(0)^30 _ q ^his f orces the integrand of (1)2 to be 

£0^43 • { ° ] ^ a ■ D 4 F 4a = p(C Q F) ■ Z ■ V 4 a F + l.o.t. 



We shall use one more derivative on V4a F to save 5*. 



\ P (C F)\\Z\\V 4 a F \ < 5-> ||p(£ F)|| L? (Suifi) ||Z|| Lf (Suifi) ||V 4 a F || Lf 

T>(u,uj JJT>(u,u) v ' y ' K ' 



<C5\ f u \mcoF)\\ L * {Hu , 

Jo (sc) 



Putting the estimates on {1)2 and (II) back into (4.12), after using Gronwall's inequality, 
we have 

\\(a,p,a)(C F)\\ 2 {0 ,u)+\\(p,a,a)(C o F)\\ 2 (H (o,u)<l - (4.13) 

(sc) * u ' (sc) V — 3£ / 

As a consequence of Lemma |4.5[ we have 



||(V^,V(7 F )|| 2 , ( o, fi) , + ||(V PF ,Va F ,Va F )|| 2 (0l „) < J + C8*. (4.14) 

(sc) ' u ' (sc) { — & / 



4.6 



we have 



It remains to control ||Va F || r2 ,„(ou) v Let = Hu , according to Remark 

II v "f|Il2 3c)(// ) < \\a(£ F)\\ L 2^ {H) + \\Va F - a(C F)\\ L 2^ (H) 
< 1 + CS« + 52 ||i^|| L 4 sc)(H) ||aF||L4 sc)(H) . 
It is easy to see that the anomaly of H comes from the initial data, thus 

11-^11 r4 (H (0 '-h ~ 3 + C- 

(sc)^ U ' 

For 1 1 op 1 1 L 4 (H (o,u)y thanks to the estimates on op and V^ap in previous sections, we have 
\\<xf\\ l * m) (h) £ (5*\\a F \\ L 2 (h) + \\Va F \\ L * w )*(8*\\a F \\ L 2 + \\V iaF \\ L 2 {H) )* 



< (Jo + Zb<H + C)2(X + + ||Va F || L 2 
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We combine those estimates with (4.13) to derive 



IVo-fIU (H (o,u),<lo + C6s+C(lo)(lo + CSs + \\Va F \\ 2 ,„(o,h)0 2 - 

(sc) \ u ' (sc) 



This implies the desired estimates llVcu^H r2 ,„(<),«)-. < Iq + CSs. 



In view of (4.2), we summarize the energy estimates derived so far as follows 

T + Z + J 7 ! + Zi < X + Ctfi . (4.15) 



4.3. Energy Estimates on Curvature. We first recall the divergence equations for Weyl 
curvature, 

D a W a p-fS = Jp-yS = -^{D^Rps - DgRp-y), D a *W a i3^s = Jp^s = -^(D^Rpv - D^Rp^e^ \s- 

Due to signature considerations, J and J* excludes the double anomalies otp ■ V^oif since 
J444 = 0. By direct computations, we can see that other possible anomalies in DxRfiv are of 
the form x ' &F ■ otjr, of • V^of, T 9 • V^uf or T g • Vsa F - Furthermore, ocf ■ Vza F only appears 
in D^Rafy. The remaining terms are either trilinear (which will extremely easy to estimate) or 
without anomaly in derivatives. 

We also have a divergence equation for Bel- Robinson tensor Q[W], 



4.3.1. Anomalous Estimates. We apply (B.l) with (X,Y,Z) = (L,L,L) to derive 



\<*\\% (rr^ + Wt, .„ (0lU , , = INI' (H (o,u>,+5 (D'wQ[W) +7r • Q[W])(L,L,L) 

L ( SC )V^« I L ( SC )VS-1L ) L (sc)( H ) JJv{u,u) 



ML +Ti + T 2 . 



We first bound T2 whose integrand can be written as tp Sl • ^ S2 ■ *$> S3 with s\ + S2 + S3 = 4. We 
observe that ip Sl cannot be x- Hence, 



\T2\<C5i\\a\\ 2 (0>a) + C8zKo\\a\\ 3 M+CSml 



We turn to T\ whose integrand can be written as • T S2 • (DT) S3 with si + S2 + S3 = 4. 
They all come through W V '4 1 '(D 'iR^ u — D U R^). We ignored similar terms for the Hodge dual 
part since they can treated exactly in the same manner. Due to signature considerations, V3«p 
does not appear. Thus, we can divided the integrands of T± into following cases, 

(/) V-a F -a F , (II) f-T-VT, (III) f-r 9 -V 4 aF. 

For type (I) terms, we retrieve the anomalies back to the initial data 



u pu 



. 1 



1(1)1 ~ 5 " Jo Jo ii^k c) (^oii*k c) (<^ x oy o Hi^^j+ctf*. 

For type (II) terms, we have 

U fU 

1 



10^)1 £ <* 2 / / »')I|VT|U /)||t|| L 2 (u , tt/) < C<53 / (0 ,«).+C7*J. 
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For type (III) terms, we bound them as follows, 

pu pu 

\( ni )\^ / / II t IIl? .(«',«') II V 4 aF|| L 4 (^aII*!!^ {u , ndu'dv! 

JQ JQ \ sc ) \ sc ) \ sc ) 



1 



JO L (sc)^ > 

Combining all those estimates, we derive 

pu 

\\ a W 2 T 2 m (o,Mh + ll£llr 2 m (o,u)<\\a\\ 2 2 (o, 2) + +C(X ) / ||a|| a fif (o,«) v 
After using Gronwall's inequality, we have 

n [a}+]Zo[(3} <1 + C5l (4.16) 



4.3.2. N on- anomalous Estimates. We apply (B.l) with (X,Y,Z) = (L,L,L) to derive 



2 



r „(o^ + ||(p^)||^ fH (o, u) , = M\ 2 L2 (H v^+ II (nivQ[W]+7t-Q[W})(L,L,L) 

(sc)' u ' (sc) 1 ' — ^ ' (sc) / JJT>(u,u) 



T 2 m (0,u),+T 1 +T 2 . 
L (sc)( H ) 



For T 2 , its integrands can be written as f/^ 1 • ^ S2 ■ ^f S3 with si + s 2 + S3 = 3. By signature 
considerations, there is no term quadratic in a. We still have to pay attention to those dangerous 
terms which contain try, and a. Since tr% can only appear through tk'ir, it must come from the 
following expression (we use l.o.t. to denote those terms which do not contain try, they can be 
easily bounded) 

Q[W} abU ■ ^n ab = tvx ■ Q[W] aaM + l.o.t. = trx • |/3| 2 + l.o.t. 

Thus, trx wm n °t be coupled with a in the integrand of T 2 . Among the terms of the integrand 
of T 2 , for those terms of the form tix ■ • ^g, one can use Gronwall's inequality to eliminate 

them; for those terms of the form ifi • • ^g, they can be estimated by C5? . 

It remains to bound the terms of the form ip ■ \I/ • a. If ip ^ {x, x}> we can gain 5i by using 
the Lf s estimates on a and We still have to estimate the following two types terms: y • ^ • a 

{SC) 

and x ' ^ ' a - Notice that x ' ^ ' a can n °t appear. The reason is as follows: assume this was 
the case, then by the signature considerations, \& must be a. Since the original expression of 
all the terms are ir ■ Q[W]. Notice that a ■ a never appears in a null component of Q[W] which 
yields a contradiction. To bound \ • $ • a, we retrieve the anomaly of ||xIIl 4 (S u «) ^° mi tial 

(sc) '— 

data. According to Theorem A, ||y|Il 4 (s ) ~ $~*Zo + C. Thus, Thus, 



Hd< 



V-* p -a| < {S) Oo A [x] - Wo -Wo [a] [a] 3 < 2q • • Ko[a]3K x [a]3 + <5*C. 



IV(u,u) ' 

We turn to T\ whose integrands can be written as \E' S1 • T S2 • (DT) S3 with s\ + s 2 + S3 = 3. 
We have to analyze the trilinear structure carefully to control triple anomalies. The other 
terms are much easier to control so we will not give details. Possible triple anomalies are 
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a-ctF-ctF, ol-olf ■ V4«i? and ot.-a.F- ^zQLf- The first and second cases are excluded by signature 
considerations. As we remarked in the beginning of the section, the appearance of a -of- Vsc^p is 
through the term a ab ■ D^R ab . To address the control for this term, we need an extra integration 
by parts to move bad derivative V3 to a. 

a-V 3 -R a6 | = | / a -Rab - / a ■ R ab - \\ V 3 a-R ab \. 
>D(u,u) Jh u Jh JJD(u,u) 

For those three terms at the right-hand side of the above equation, the last is easy to control 



thanks to (1.22). For the second or the first term, the worst possible quadratic terms in R ab is 



olf ■ a Fl we ignore the others and bound this one by 

Recall that ||a^|| L 2 , H < I -\- C5a. By losing one derivative, we can trace back the loss of 
64 in ||a|| 7-4 / c< \ to initial data, thus we have 

I / a ■ a F ■ a F \ < C5^ +1 ■ TZ [a}^ ■ Ki[afi. 
Adding up the estimates on T\ and T2, we derive 



. 1 r , 1 r , 1 



2 L2 (H io^ + \\M\\ 2 (H (o,u) <lo + C5i+lo-Ko-Ko[a.}1> -Ktlap. 

(sc) ' u ' (sc) \< — H. f 



We then take (X,Y,Z) = (L,L, L) or (X, Y,Z) = in (B.l), similar analysis gives 



Putting all the estimates together, in particular, we use 7£o[«] ^ %o + C5*, we can derive 

TZl + Kl < X + C53 +X • (^0 + £0) • Kl 
Finally, we have energy estimates on curvatures 

72o+So<2b + C<5B+C(2b)-7J3. (4.17) 

4.4. Energy Estimates on Second Derivative of Maxwell Field. 

4.4.1. Preliminaries. We can first take two covariant derivatives of Maxwell field and then take 
its null component. We can also first take a null component of Maxwell field and then take 
two horizontal covariant derivatives. The following lemmas record the deviation of these two 
operations. 

Lemma 4.9. If 5 is sufficiently small, for N\, N2 = e 3 or e% and for all the possible null 
components ^f, we have 

\\T(D Nl D N2 F) - V Nl V N2 T\\ L2 (o, m) + \\T(D Nl D N2 F) - V Ni V N2 T\\ l2 ^, u) < CS\. 

(sc) u ( sc ) — 
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Proof. The proof is routine. We first compute the commutator to observe that there is no double 
anomaly. Then, we bound T's in L?^ c -\ norms and we bound V3T, V4T in Lf-, norms to avoid 

the loss of 8^ due to anomalies. □ 

Lemma 4.10. Let H = Hu'^ and H_ = Hy*'-\ If S is sufficiently small, we can bound the 
following quantities 

\\a{D a D A F)-V a V 4 a F \\ L 2^ (Hy \\a{D a D^ 

\\(p(D a D 4 F) - V„V 4 PF - V 4 of||l2 ,h), \\o-(D a D 4 F) - V a V 4 a F - V 4 a F )|| i2 {H) ; 

(sc) \ sc ) 

\\(a(D a D A F)-V a V A a F \\ L 2 {H) ,\\a(D a D 3 F)-V a V 3 a F \\ L 2 (H) ,\\a(D a D 3 F)-V a V 3 a F )\\ L 2 (H) , 

(sc) v — ' ( sc ) — \ sc ) — 

\\(p(D a D 3 F) - V a V 3PF + a F \\ L 2 {R) , \\a(D a D 3 F) - V a V 3 a F + a F )\\ 2 („,„) y 

(SC) (sc)*' — ^ ' 

byl + C6*. 

Proof. The proof is routine. It is based on direct computation and the energy estimates derived 
so far. We only treat one term to illustrate the idea. We can compute 

a(D a D 3 F) - V a X7 3 a F = ^A V 3 a F - x ■ Vcr F - (a ■ V 3 cr F + 77 A V a a F + *X A V 3 a F 

- " (X A <*f) - X A (v ■ (PF + o- F )) + Vr; A a F + x A (w ■ a F ) - ^x ■ (x A a F ) - ( ■ (rj A a F ). 

Thus, the anomaly the right-hand side is \x ■ (x A a F ). Hence, 

1 



(a(D a D 3 F) - V a V 3 ^F + -X A (x A a F )\\ 2 ( o,«). < X + C<52 . 



Similarly, we have 

Lemma 4.11. If 5 is sufficiently small, we have the following estimates 
\\a(D a D b F) - V a V b a F - V 4 a F || 2 ,„(o,«k < Cc53, 

(sc)' u ' 



□ 



||a(I} a L> fe F) - V a V 6 a F - of|| 2 r „(o l3i )x <2o + Ctf4, 

(sc) V u / 

||p(L> a Z? 6 F) - V a V 6 p F |L 2 fH (o,«K + ||<r(£> £> 6 F) - V a V b a F \\ 2 (0 , M) < X + CJJ. 



We also need the following formula to compute current. 

D»D x D Y F m = J a (X,Y) = (D»Y»D^D x F va + D»X» D Y D^F ua ) + D Y D> i X v D li F va 

+ {Ry^/DxF^ + R x » a v D Y F^) + DyRx^F^ 
- {R Y ' i DxF (ia + R x »D Y F m + D Y R x ^F^ a ), 

Remark 4.12. T/ie i/ie last three terms have schematic expression XT- £>T. Smce we can 
use estimates on T, the trilinear structure of these terms gains an extra 5. Thus, in what 

follows, we shall ignore those (trilinear) terms. 
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Similarly, since the difference between the Weyl tensor W a pjs and R a pj5 is quadratic in T, 
we now can replace R a /3~/6 by W a fi^s m Ja(X,Y). By ignoring trilinear terms, this allows us to 
write J a (X, Y) as 

J a (X, Y) = D^DxDyFfia = (D»Y» D^D x F va + D^X"D Y D^F ua ) + DyD> J 'X v D [i F l , a (4.18) 

+ {Wy^DxF^ + Wx^'DyF^) + DyWx^F^. 

We need two more lemmas E3 

Lemma 4.13. Let H = Hu'~^ and H_ = H_u' u \ If 5 is sufficiently small, for T £ {p F , 
we have 

\\T(C D A F)-V V A T\\^ iH) + \\r(CoD 3 F)-V V3r\\ L 2 < H) <C5l. 

(sc) v ! (sc) v — l 

Moreover, the following quantities 

\\a(CoDiF) - V V 4 aF - H • V 4 of|| L 2 (H) ,\\a(C D 3 F) - VcNzUf - H ■ V 3 a F \\ L 2 (H) 

(sc) v ' (sc) V ' 

\\a(C D 3 F) - V V 3 aF - H ■ V 3 a F \\ L 2 (H) , 

(sc) v — ' 

are bounded by C8*. 

Proof. Those estimates are again based on direct computation. We only show two of them and 



2 

(sc) 



clo- 



the rest can be derived in the same manner. We first consider ^\p(CoD 4 F) — V aPf\\l 

p(£oD 4 F) - VoV 4/ of = -VoV ■ ot F — V ■ Vo«f + jZ ■ V 4 a_p + -w ■ (Z ■ a F ) 

+ (2C • O + trH) ■ V 4 p F - (2C • O + trfT) • (77 • of). 

Notice that \Z ■ V 4 a_p is the most difficult term. We can bound it by using Lis estimates to 

save 5 4 since Z is not anomalous. This yields the desired estimates. 
For \\a(CoD^F) — VoV 4 ai? — H ■ V 4 a F \\ L 2 , H \, we compute 

(sc)^ > 

a{C {D A F)) - V V 4 a F = 2uj ■ V a F + 2V a; • a F + (2rj ■ O + -(H - l H) + tri?)V 4 a F 

+ 2(2r? • O + - *ff) + tr#) • (w • a F ). 

The estimates are immediate from this formula. □ 
Remark 4.14. Since we can trace back the anomaly of H to the initial data, we can bound 
\\(a(C D A F) - V ^iOt F ,a{C D 3 F) - V V 3 of)|| L 2 (H) , \\ot(Z D 3 F) - V V 3 of|| L 2 (H) , 

(sc) v ' (sc) v — ' 

byZ + C5-i. 

Similarly, we derive 

Lemma 4.15. Let H = Hu'-^ and H = Hu' u ^ . If 5 is sufficiently small, for T 4 6 {a F , p F ,a F } 
or T 3 G {p F , o~ F , a F }, we have 

\\T 4 (£ D a F)-VoV a T 4 \\ L 2 {H) + \\r 3 (£ D a F)-VoV a r 3 \\ L 2 (H) <l + CSl 

(sc) > ' (sc) v — ' 



16 



CoDfiF should be understood as Co(Dfj,F) where D^F is a give two form. 
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4.4.2. Energy Estimates on Anomalies. Let H = ■ We take X = Y = L in (4.18) and we 

also take X = L in (B.3) to derive 

\\a{D A D A F)\\ 2 L2 (H) < \\a(D A D A F)f L2 (H) + 5 s [[ • T[D A D A F] + Biv T[D A D A F](L). 

< 3C ) V ' ' JJv(u,u) 



In view of Lemma 4.9, we rewrite the above as 



|V 4 V 4 a F ||2 2 < C<52 + ||V 4 V 4 aF|li2 (H) + 5 3 if (l) tt • T[D A D A F] + Div T[D A D A F](L) 

( SC ) V ' ( SC ) V ' JJv(um) 



C5i + ||V 4 V 4 o; F | 



(u,u) 

r (o,u), +Ti+T 2 . 



For Ti, its integrands can be written as ip Sl • T(D A D A F) S2 • Y(L> 4 Z) 4 .F) S3 with si + S2 + S3 = 6. 
Since x does not appear in ^n, we can bound ip Sl in L^s. Thus, 



<C5a / Ctf-a -C8-2 <C6~2. 



(sc) 



For T2, we first compute Biv T[D A D A F](L) as follow; 

DivT[D 4 Z) 4 F](e 4 ) = -^D A D A F U ■ J A (L, L) + D A D A F Aa ■ J a (L,L) = Sx + S 2 , 

where J a (L, L) is given by 

J a (L,L) = {DVlfD^Fva + D»L U D A D^F va ) + D A D^L V D^F va 

The first two terms in the parentheses and the last term can be bounded in the same way as T\ 
by bounding T in L^ c y Thus, by ignoring those terms, we have 

J a {L,L) = D^L v D„F va + Wf a v D A 
For Si, since W^j? is symmetric in \i and v, thus W A ^ A V D A F^ y = 0. Thus, we derive 



ISil <CS-? + 6* 



\D A D A F M \\D A D^L a \\D^F aA \ 



T>(u,u) 



For S2, we have S 2 = C<H + 5 3 j v{u ^ V A V A a F {D A D»L» D^F va + W A » a »D A F^ u ). By Lf sc) 
estimates, we can bound S2 exactly in the same way as we bound S±. Putting all the estimates 
together, we have 



|V 4 V 4 of|| 2 (0 ,„) < C5 2 + ||V 4 V 4 a F | 
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We always ignore the Hodge dual part since it can be treated exactly in the same manner. 
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Multiplying by 5, we derive the first anomalous estimate of this subsection 

J- 2 (V 4 V 4 a F ) <1 + C8l (4.19) 
Remark 4.16. As a byproduct, we have also showed 

F 2 (V 4 V^p F ,V 4 V 4 a F ) <1 + C5i. (4.20) 



We take X = Y = L in (4.18) and we also take X = L in (B.3) to derive 
||V 4 V 4/ 9F, V 4 V 4 ct f ) \\ 2 L2 (H) < 1 • 5- 1 + 5 3 [[ C% . T[D 4 D 4 F] + DivT[Z> 4 £>4^](£) 

( sc )^ ' JJv(u,u) 

= 1 -S- 1 + T 1 +T 2 . 

For Ti, its integrands can be written as ip Sl ■ T(D 3 D 3 F) S2 ■ T^D^D^FY 3 . If ip ^ Xi we can 
easily bound those terms by C5~z as before. When x appears, in view of Remark 



4.2 



this 

term must be tr% • (|V '4V aPf\ 2 + IV4V4CTFI 2 ). Thanks to Gronwall's inequality, this term can 
be absorbed by the left hand side of the above equation. 

For T2, we can proceed exactly as before with the following exception: we can no longer 
ignore D^U' 'D '^D^F^a + D^L" D^D^F^ since D^U 1 may become tr%. Once again, we can use 
Gronwall's inequality to overcome this difficulty Thus, we have 

F 2 (V 4 V± PF ,V 4 V±o- F ) <1 + C5l (4.21) 



We move on to other anomalous estimates. We now fix X = Y = L in (4.18). We take X = L 
or L in (B.3) then add them together to derive 

||(V 3 V 3 a F , V 3 V 3 p F ,V 3 V 3 a F )\\ 2 (0 , u) + ||(V 3 V 3 p F , V 3 V 3 0-f)||* (0>a) 

(sc) ^ — & ' (sc) ' u ' 

< Tod' 1 + (J Wfr ■ T[D 3 D 3 F] + Div T[D 3 D 3 F](N) = Z^ 1 + T 1 + T 2 . 

JJV(u,u) 

where N = L or L. 

For Ti, its integrands can be written as ip si ■ T(D 3 D 3 F) S2 ■ T^D^D^F) 33 . If ip ^ Xi we can 

easily bound those terms by C5~z. When x appears, as we just did, we could use Gronwall's 
inequality to remove this term. Thus, by ignoring the x terms, 

Ti<C<H. 

For T 2 , we can also proceed exactly as before to bound it by C5~? . Putting all the estimates 
of this subsection together, we derive 

^"2(V3V3PF,V3V3a F )+Z2(V 3 V3a F ,V3V3PF,V 3 V3a F ) <2o + <^3. (4.22) 

4.4.3. Energy Estimates on Non-anomalies. We take O as some angular momentum and (X, Y) £ 
{(L,L), (L, L)} to derive 

/ \T(C D Y F)^\ 2 + f \T(C D Y F)^\ 2 < f \T(C D Y F)^\ 2 + 

rj{0,u) /„(0,u) tt(S>,u) 

\BWT[C D Y F](X)\ + pV • T[C D Y F}\ =1 + T 1 + T 2 . 



V(u,u) 



56 



PIN YU 



We take all the possible combination of X, Y and O and add the scale invariant version of the 
above estimates together to derive estimates. We need the following schematic expression f^| 

D^CoDyF^ = D^Y S ■ C D 1 F Su + Dtt ■ T(D Y F) (4.23) 

+ tt(£ W) • T + * • T{C F) + vr • T(D fJi DyF) + l.o.t., 

where l.o.t. stands for trilinear terms. They are at least quadratic in T. When one derives 
estimates, they are extremely easy to handle since we can use twice L^°\ norms on T. In this 
way, we can gain a whole 5 which is good enough to compensate all kinds of anomalies. It is 
precisely for this reason that we shall omit these terms in sequel. We have a similar formula for 
CoDy*F imu . By duality, we shall not consider those terms. 

We first control T\. In view of ( |4.23 ), we claim that, thanks to Gronwall's inequality, we 



can ignore curvature terms ^(CoW) ■ T and ^ • 1{CoF). In fact, for ty(CoW) ■ T, because 
there is no anomaly in ty(j£oW), we use £? sc ) estimates on ^{CoW) and L7^s estimates on 

T, it contributes at most C5^ to T\ which is acceptable; for ^ • T(CoF), although we may 
encounter anomaly from curvature component ^, since ^(CoF) is never anomalies, we can use 
Lf sc \ estimates on both terms, thus, it contributes at most C5± to T\. 



Without loss of generality, we can then rewrite (4.23) as 



D^CoDyF^ = Dtt ■ T(D Y F) + D 1 Y ■ C Q D^F Sv + vr • T{D^D Y F). (4.24) 



and we split T\ = Tn + T\2 + T13 according to (4.24). We control them one by one 



For Tn = JJT(jC DyF) • Dtt ■ T(D Y F), we claim that T n < C5*. We observe that 
T(CoDyF) is never anomalous. If Dtt ^ D^tt^, we can use L^ sc ^ estimates on both Dtt 

and T(D Y F) to bound the whole thing by C5± \ when Dtt = D^ir^a, we use trace estimates, 



1 



T(£ D Y F) ■ V 3 Z ■ T(DyF) 

V(u,u) 

< l|V3^|| i?sc)( s u ,o)^([o^) S1 f \\T(DyF)\\ Tr(sc){Hu) 5-h £ \\T(C DyF)\\ LU{Kuj) < CSl 

For T12 = JJ r T{C DyF)-DW 5 -CoD 1 F Su , the worst case happens when Y = L and 7 = 5 = a 
(this brings in tr% ); other terms are easily bounded by C5^. Thus, the worst case gives 

2 

tr *0 • E \\ T (£oDyF) ■ Z Q D a F av . 

Thus, according to Maxwell equation D fL F^ u = 0, we replace D a F au by D^F^ and D^F^. Then, 
thanks to Gronwall's inequality, this term can be absorbed by the left hand side. 

For T13 = JJ T(CoDyF) ■ tt ■ T(D fl D Y F). A careful computation shows that the integrand is 
of the form 

T(CoDyF) • TT'' 5 • DjDyFgn- 



18 



We use 7T to denote the deformation tensor of O. 
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with v = 3 or 4. If D^DyF^^ is not anomalous, we can easily bound these terms by C62 . Thus, 



we only concentrate on anomalies. According to Lemma 4.9 4.10 4.13 and 4.15, we essentially 
have two such terms, 

D 4 D 4 F a4 , D 3 D 3 F a3 . (4.25) 
Of course, there are other anomalous terms. But their anomalies are from lower order terms 



which allow us to use estimates. To illustrate the idea, in view of Lemma 
a(D a D 3 F) as one example. The anomaly comes from a F . We can control it by 



4.10 



we pick 



D(u,u) 



T(£oD Y F) ■ 7T ■ a F \ < I / llT^o^r^llL^^llTrll^^llajrll^^) < C5± 



V) 1 



(sc)V 



We turn to the terms in (4.25). Since ir = 0, we can forget D 3 D 3 F a3 . Thus, it remains to 



control a bulk integral with integrand 

T(C D Y F) • vr 4a • D 4 D Y F a4 ~ r{C D±F) ■ Z ■ V 4 V 4 a F . 

The idea is to move bad derivative V4 to good component to avoid the anomalies. As we 
noticed in Tn, T/a. First of all, we have 



V V 4 T • Z ■ V 4 V 4 of 



V 4 T • X7 Z • V 4 V 4 aF 



V 4 T • Z ■ V V 4 V 4 aF. 



We bound the first integral by Xq + we use L^ gc -. norm on V4T and VZ; we use £? sc ) 

norm on X/^^uf to trace the anomaly back to initial data. 

To control the second one, we integrate by parts again. Notice that we can replace V oV '4V \oif 
by V '4V 'oV \olf since the commutator enjoys better estimates then can be ignored. Thus, 



V 4 T • Z ■ V 4 VoV 4 aF = / V 4 T • Z ■ V V 4 a F - / V 4 T-Z-V V 4 a F 

Jh u Jho 

V4V4T • Z ■ V V 4 a F - // V 4 T • V 4 Z ■ V0V4CKF 



In this form, all of the anomalies can be traced back to initial data. Thus, we have control on 
Ti3 as well as T\. 

The control of T2 is much easier. In fact, according to the form of the integrand, we use 
GronwalFs inequality and anomalous estimates derived so far to show | 1 ^ + 
We collect all those estimates, together with the anomalous ones, we finally conclude 



•7 r 2+Z2<Io + Cc5* 



(4.26) 



4.5. Energy Estimates on One Derivative of Curvature. 



4.5.1. Preliminaries. We use 7Z U and TZ U to denote the restriction of 7Z and 7Z to the interval 
[0, u] and [0,n] respectively. We recall following lemmas from Section 15.2 of |13j . 
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Lemma 4.17. Let H = H^'^ and H = Hu' u \ If 5 is sufficiently small, then 
^||«p 3W )||^ c)(H) + ^||/3p a ^)|| i 2 sc)(H) <X + 5i^ 
\\a{D a W)\\ L 2 {H) + \\((3(D 3 W,D 4 W))\\ L 2 , H) + \\(P(D 4 W, D a W))\\ L , {H) 

(sc) ( sc ) \ sc ) 

+ \\(p,a)(D 4 W,D 3 W,D a W)\\ L 2 sc)(H) + \\a(D A W)\\ L ^ )iH) <K U + 8^C, 
\\(p,a)(D 4 W,D 3 W,D a W)\\ L , (g) + \\P(D 4 W,D 3 W,D a W)\\ Lf (m 

(sc.) ( sc ) 

+ \\P(D 3 W)\\ L * m + \\a{D A W,D a W)\\ Ll m <^u + ^C 

(sc) ( sc ) 

Lemma 4.18. Let H = Hu'~\ H_ = H^' u ' and O is an angular momentum. Let 1 < si < |, 
1 < S2 < §, S3 < \ and ^ < s 4 < 2. If 5 is sufficiently small, we have 

1 ^v. 3 

\\a(C L R) -V L a\\ 2 , (0 ,«), < C, 53 ||a(£^R) - V L_a\\ 2 (0 , M) < 7£o + C5±, 

(sc) y u > (sc) \ u ' 

\\(^(Z L R) - (V L ^Y\^(C R) - (V *n|| L? {H) + \\^(C R) - (V ^) S4 || L? m < csK 

(sc) v ' (sc) v — 7 

||^ 2 (4^)-(VL^r 2 || L? r H) + ||^ 3 (4^) -(v^) ss ii l? ( ^<^o + C^. 

(SCJ ( SC J 

4.5.2. Energy Estimates on Anomalies. We take O = L and X = Y = Z = Lin ( |B.1[ ) to derive 
/ |a(£ L ^)| 2 </",„. |a(£ L ^)| 2 + | // BivQ[C L W] 444 + (tt • Q[C L W]) 444 \ 

JHi ' %) JH^ JJv{u,u) 

We classify the terms in the bulk integral into five types of expressions with s\ + S2 + S3 = 6, 

(7)V S1 • ^ S2 [C 4 W] ■ ^ SS [C 4 W], (II) ip sl -V S2 [£ 4 W] ■ (D^) s:i , (III)(D^tt) Si ■ ^ S2 [C 4 W] ■ f S3 , 

(IV)T Sl ■ (D L DT) S2 ■ W*[CjW], (V)(D L T) Sl ■ (DT) S2 ■ ^[C 4 W\. 

For type (I), (II) and (IV) terms, we can use L'Ps norm on ifj or T. Thus, it is easy to 

bound all of them by C5~? . 

For type (V) terms, we can proceed as follows, 

(V)<*$ [\MCLWr 2 \\ {H ^\\DT\\ )(H (o, a)) pT|| {0 ) <C6-l 

JQ (sc) v u 1 ' (sc) v u 1 J (sc) v u' ' 

For type terms, we rewrite (D ^ 4 ^7r) Sl as 

(D ( 4 )vr) Sl = (p ( 4 )tt) Si + trx Q • V' 1 + */> • V>, 

where p ^\ is the tangential part of D The last two terms can be ignored since they enjoy 
better estimates. We observe that (p ( 4 Vr) Sl can not be V ' 4 uj or V 3 uj_ (which we do not have 
estimates). In fact, since u does not appear as a component of ^tt, so V 4 uj can not occur; we 
can also rule out V3W by signature considerations. Thus, 

iiii)<sh [\Mc L wy 2 \\ {H ^ \\(p ^r\\ ^II^IU t^Zcs-l 

JO ( sc ) u' ! ( sc ) u' 1 ( sc ) u' ' 

Putting all these estimates together, we have ||a(£iP^) S2 1| 2 2 (0 u) < 8~ 1 Tq + C5~?. 
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In view of Lemma 4.18, we conclude 



^||V 4 aL 2 r „(o lS) <X + C^ 

(sc) ^ u ' 



We then take O = L and X = Y = Z = L in ( |B.1| ) to derive 



(0,u) 



HC L W)\ 2 <5- 1 l + 



V(u,u) 



DWQ[C L W] 333 + ( tyt • Q[ClW}) 



333 1 



We classify the terms in the bulk integral into five types of expressions with s± + S2 + S3 = 1, 
. ^[C 3 W] ■ y*[£ 3 W], (II)tP Si -^ S2 [C 3 W} ■ (D^Y 3 , (III) (D^tt) Si ■ ^[C 3 W] ■ $> s \ 
(IV) T S1 ■ (D 3 DT) S2 ■ V S3 [£ 3 W], (V) (D 3 T) S1 ■ (DT) S2 ■ V S3 [£ 3 W}. 
For type (I) terms, if ip si 7^ trx, we can still use L^ c ^ norm on tp or T to bound them 
by C£~2. We now estimate the terms of type (I). If trx appears in (I), it must come from 
( 3 V afe • Q[CLW]) ab33 = trx| /3(ClW)\ 2 . Thus, we can estimate (I) as follows 



(I)<C5-*+8- 1 I M£lW)\\ 2 t2 (u{0:U 

j ( SC ) 



1?. jH (u / u) y 

(sc) V — II.' ' 



In view Lemma 4.18 and (1.28), 



W(C L W)\\ L2 ( o,„) < ||V 3 _ 



T 2 /fr(0,»)N + C 



< ||diva + trx Q + + D 3j R 36 || i2 r „ ( o,^ + C < C. 

(sc) — — ' 

Hence, (/) < C<H. 

For type (J/) terms, since S3 < 1, we can integrate (D^> ) S3 along H_ u . Thus, 



(ii) ^s- 1 / \mc 3 w}\\ 



*3 I 



(sc) v — u r J (sc) v — y 



^r 1 / ||a(£iW)|P 2 I \K(u,u!)\ 2 + C5*. 



For type (III), (IV) and V terms, they can be treated exactly as before (the terms in 

for X = Y = Z = O = L), thus (III) + (IV) + (V) < C<H. 

Putting all estimates together, after a standard use of Gronwall's inequality, we derive 



^ so) cM°'" ) )~ Xo + c '^- 



£2 1| V3CKI 

4.5.3. Energy Estimates on Non-anomalies. We take an angular momentum O and X, Y, Z 6 
{L,L} in (B.l) to derive 

\^ S (£ W)\ 2 + 



H 



(0,u) 



H 



(0,«) 



\^ S -2(£ W)\' 



< 



H. 



(o,a) 



|* s (£ ^)| 2 + l // DivQ[£ W](X,y,Z) + (7r-Q[£ W])(X,y,Z)| 
'T>(u,u) 
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As before, we sum all the possible choice for O, X, Y and Z. The integrands of the bulk integral 
can be classified into five types as before, 

(I) ip Sl V s *[C W]V 83 [£oW], (II) ( i0) 7c) Sl ^ S2 [C W}(D^) S3 , (III) (D^fc) Sl ^[CoW}^ S3 , 
(IV)T Sl (D DT) S2 ^ S3 [C W}, (V) (D T) Si (DT) S2 ^ S3 [C W}, 

where si + S2 + S3 = 2s > 2. We shall bound them one by one. 

For type (I) terms, if ip Sl ^ tr%, those terms are obvious bounded by C5z. For the worst 
ip Sl = trx, we can bound those terms by 

Ysf w&oww rw£ow)t ( , 

Thanks to Gronwall's inequality, this quantity can be absorbed by the left hand side. Hence, 
we can say that (/) < 

For type (II) terms, if (DQ) S3 is not anomalous, those terms are obvious bounded by C5?. 
When(D$) S3 is anomalous, we observe that D<$> G {a(D 3 W), (3(D a W), a(D^W), a(D 3 W)}. We 
bound these four possibilities one by one. 

When D& S3 = a(D 3 W), according to ( 1.20 ), we have a(D 3 W) = —\^X ' a + E\ where E\ is 

not anomalous, i.e. we have ||I?i|| r2 /u-awu < C or ||-Ea|| r2 cu-(o,«)\ < C. Thus, we can regard 

L {sc) ( H u ) i- (sc) (Mm ) 

DQ S3 = a(D 3 W) as a. We then use L sc norms on a and ( (°)7T) Sl SO that the whole thing is 
bounded by C5*. 

When D& S3 = f3(D a W), we can proceed exactly before to locate the anomaly of D& S3 = 
f3(D a W) to a. Thus, those terms are also bounded by C5i. 

When D& S3 = a(D 3 W), according to a(D 3 R) = V 3 a + 4w • a, we can replace a(D 3 W) by 
V 3 a and ignore other terms (which are bounded by C5i); similarly, we replace ^ S2 [£o^] by 
(Vo^Y 2 - Thus, it suffices to bound the following integral, 

ft (^)^-(Vo^Y 2 ■ V 3 «= / ( (0) ^) S1 • (V f) S2 • a - [ ( (0) tt) Si ■ (V ^Y 2 • a 

JJd(u,u) Jh u Jh 

- [[ (V 3 (0) tt) Si • (V G *r -a - [[ ( (0) vr) Sl • V 3 (V *Y 2 ■ a. 

JJd(u,u) JJd(u,u) 

We ignore two boundary terms since they are by C5 2 in an obvious way. 

For first bulk integral, if (V3 (°^tt) Si 7^ (-^3 ^°^)3a, we use Lf sc \ norms on a and (V3 ^tt) Si 

to bound the whole thing by CJs . If (V3 (°)tt) Si = V3Z, we use trace estimates, 
I J! V 3 Z ■ (V *Y 2 ■ o| < \\VsZ\\ LU{Su>o)LaoloM sup [|a[|2V M (H.) ri £ ll(Vo*) S2 ||z ?se) (^,)- 

By signature considerations, we know that (Vo^Y 2 can be integrated along H u . In fact, since 
S2 = 2s G Z and S2 < 3, we know S2 < 2. Thus, we can bound first bulk integral by Cb^ . 
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For second bulk integral term, we replace V3(Vo^) S2 by Vo[(V3^')' S2_ 2] and we ignore the 
commutator which can be bounded by C5? in an obvious way. We integrate by parts again, 

( ■ Vo[(V 3 *) S2 -5] •« = -// Vo[( (0) ^) Sl ] • (V 3 ^) S2 -3 • a 

lD(u,u) JJD(u,u) 

( (0) vr) Sl • (V 3 ^) S2 -5 • V a - [[ ( (0) tt) Si • (Vg^ 2 "? • (V a O a )a 

'D(u,u) JJD(u,u) 

By signature considerations, 7^ a, thus is not anomalous. We can easily bound these 
three integrals. Thus, second bulk integral can be bounded by C5z. We can also conclude that 
when DQ S3 = a(D%W), all the terms are bounded by C5^. 

When D<& S3 = a(D^W), similarly, we can bound those terms by The details can be 

found in Section 15.10 of p2]. Thus, Hence, we can say that (II) < C5±. 

For type (777) terms, if (£>(°V) Sl / D 3 ( °V 3a , we use L? c) norms on (L>(°V) Sl and * S3 to 

bound those terms by C5±. If (D (°V) Sl 7^ D3 ^irs a , we replace D3 ^°\ 3a by V3Z and bound 
it as follows, 

Those bounds yield (///) < CS^ . 

For type (/V) terms, we bound them as follows, 

(IV) < r 1 f ||*(£ ^HU i( ^)/^l|T-|| iri(H (o,«) ) Po^|| ( o, u) <Ctfi. 

JO ( sc ) — ?* ( sc ) — m C sc ) — m 

For type (V) terms, we bound them as follows, 

00 <r* r\\^(c wr\\ L2 (0 ,u) 5^\\(dt) S2 \\ l4 (h (0, U )J|(v o t) S2 || l4 ( o,») <csl 

Putting everything together, we summarize the estimates in this subsection in the following 
inequalities: 

Combining all the energy estimates, for sufficiently small 5, we establish Theorem C. We 
remark that the constant C from now on will depend only on the size of initial data Iq. 

5. Formation of Trapped Surfaces 

Based estimates derived in previous sections, we demonstrate how a trapped surface forms. 
More precisely, we show that S\ t s is trapped. The following equations are responsible for the 
formation, 

V 4 tr X + ^(tr X ) 2 = -\x\ 2 - 2w • tr X - \a F \ 2 , (5.1) 
V3X + ^trx • X = V§r/ + 2u ■ x ~ ^trx ■ X + r)®V + T a b = E 1} (5.2) 
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V3«f + ^ tT X ■ a F = —VpF +*V<7i? - 2 *r/_ • o F + 277 • ^ + 2o;of — x • a F = E 2 . (5.3) 
We also recall that r = u — u + rn and try„ = — - = ^ — . We assume where rn ~ 10. 

5.1. Formation Mechanism. We rewrite (5.1) as J^try = — ^(try) 2 — ^d^l 2 + l a -H 2 ) — 
-^(|x| 2 + I«f| 2 ), therefore, 

tr X (u,5) <tTx(u,0)-J ^(\x\ 2 + \a F \ 2 )(u,u)du (5.4) 



In view of (5.3), we have Vs(r \olf\ ) = r 2 |aF| 2 [— try + 2 (0 — 1)] + r (E 2 • thus, 
d , 9, ,9s r 2 \a>F\ 2 r — 2.^ r 2 (E 2 • ap) „ 

which implies 

with G 2 = Jq F 2 {u',u). Similarly, we have 

li| 2 (n,n)= (M + ;° )2 |x(0,M)| 2 + Gi, 

with Gi = ^=€ foC-^i-^X + U n ~ !)] + r2( o r * } )(^)- Base on the following lemma 
whose proof is deferred to next subsection, we can ignore two error terms Gi and G 2 . 

Lemma 5.1. If 5 is sufficiently small, then 

\\ [ G 1 (u,vf)du'\\ L oo +\\ [ G? 2 («,« / )*4 / IU 00 9 < C(2o)<5§. 
The proof is deferred to the next subsection. Back to equation (5.4), we have 

<-S („, 1 „ \2 



(5.5) 



(u + r ) 



trx(«,<y)<trx(«,0)- / ^^(\x(0,u)\ z + \a F (0,u)ndu + C52 

Jo ^tyu — u-rfo) 

<tr X (n,0)- r ° / ^^(| x (0,u)| 2 + |a F (0,u)| 2 )dn + G5i 



Since \ fl(u,u) — 1| < G<5a, we have 



.2 z-5 



trx(u,<5)< — ? L / (\mu)\ 2 + \aF(0,u)\ 2 )du + C6i. 

r -u (r - u) z J 

Thus, if the left-hand side is negative, this would be a sufficient condition for S U; $ to be trapped. 
This is equivalent to 

S |x(0, u)\ 2 + \a F (0,u)\ 2 du > (1 + CJg) 2 ^ 2 ~ ^ (5.6) 



2 + |of(0,m)| 2 
^ 
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We have to make sure that on the initial surface Ho, there is no trapped surface. According 



to (5.1) (notice that = 1 and w = on Ho), we have V4trx = — g(trx) z 

2 f|,-,|2 , |„, |2\ 



\X\ 



-3 - (|x| + )> tllis implies 



tr X (0,u) > tr X (0,0) 
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5 |x(0,n)| 2 + |a F (0,n)| 2 = ^V^ 



| X (0,n)| 2 + |a F (0,u)p 



So a sufficient condition, that initial hypersurface is free of trapped surfaces, is as follows, 

" 5 (|X(0,M)| 2 + \a F (0,u)\ 2 )du < 2(r ° 2 ~ 6) . 



o 



(5.7) 



o 



Together with (5.6), if 5 is sufficiently small, we require the data satisfies 

r 5 



(i + c^)^V^< 



'o 



(\x(0,u)\ 2 + \a F (0,u)\ 2 )du< 



2(r - 5) 



(5.8) 



o 



This implies the formation of trapped surfaces. We complete the proof of Main Theorem. 
5.2. Verification of Smallness. We need a refined estimate on ^d> defined in Subsection 



3.3.3 This is needed for the formation of trapped surfaces. 



(5.9) 



Proposition 5.2. If 5 is sufficiently small, we have 

\\ {3) <P\\L r Ju,u)<Ce l *+C5l 

\SC) v ' — * 

Proof. Recall the definition of ^(f>: V3 ^(f> = Vrj on H_ u with ^4>(0, u) = 0. Combined with the 
estimates derived so far, one can easily deduce || ( 3 )</>|| L 2 t uu] < C. By commuting derivatives, 

(sc) '— ' 

we have 

V 3 V (3) </> = (trx + 0) • V (3) + (ip • V + §_ + T • T) • (3) + xf) ■ Vt] + V 2 ? ? . 
In view of the triviality of V ^<f> on Ho and Proposition 



2.17 



by Gronwall's inequality, we have 



iv( 3 ) ( 



L? \(u.u) 

{sc) V '<— * 



u,u) £ C5-2 + ||V 2 7?|| L 



( SC )(S«) 



<C5i + \\Vp\\ L 2 {H j + \\Va\\ L 2 {H) . 

(sc) v — ViJ (sc) Vl_' 



In view of ansatz (1.39) and Theorem C, we know ||(Vp, Vcr)||£2(^ \ < Ce. Hence, we end the 

□ 

According to the L?° \ estimates on connection coefficients 

(sc) 



proof by a direct use of Lemma 2.4 



We turn to the proof of Lemma 

and Maxwell field, we have 
. 1 



5.1 



8 2 \\(x,v,a F )\\ Lo ° + || (77,17, p F , (Tf)\\l°° + 5 2 \\(x,toX,u,a F )\\ L °o < 1. (5.10) 

In view of the definition of E\ and E<i , all those quadratic terms are bounded in L°° norm by a 
constant depending only on the initial data. Together with the definition of F\ and Fi, it is easy 
to show the contribution from these terms to G\ and G2 verify the estimates ( |5.5| ) (we bound r 
and $7 by 1 and bound — 1 by C82). It remains to show that for 

H 1 (u,u,6)= I \V0r]\\x\du', H 2 (u,u,9) = (\V p F \ + \Va F \)\a F \du' . 
Jo Jo 

In fact, for H\, we can use ^4> to renormalize x to be ^(f) — x, see Section 2.4 of [13] for details; 
for Hi, it comes directly from Theorem C and initial ansatz (1.39). This completes the proof. 
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Appendix A. Hodge Operators 

We review four Hodge operators for horizontal tensor fields. In this subsection, all the func- 
tions or tensors are defined on S U) u- For more detailed account on the subject, we refer the 
readers to [T] or [3J. 

For one form F, we have T>i(F) = (div F, curl F) ; For a pair of functions (i^i^), we have 
*T>i (which is the dual of T>i) as follows, *T>i(Fi, F2) = — Vi*i +*Vi<2; For a traceless symmetric 
two tensor F, we have P2-P 1 = div F; For an one form F, we have *Z?2 (which is the dual of T>2) 
acting as *T>2F = — \C,Fl a b = ~ hO^a^b + V(,F a — (divF)7 a f,) where 7 is the induced metric on 

We also have the standard Bochner formulas 
*£>i • T>i = — A + K, V 1 -*V 1 = -A, *Z? 2 -X> 2 = -^A + K, V 2 *V 2 = ^(A + K). 
Those formulas lead to the standard elliptic estimates for Hodge systems. 

Appendix B. Energy Estimates Scheme 

B.l. Energy Identities for Weyl Fields. We refer the reader to [1] for the basic definitions. 
Let Wap^s be a Weyl field satisfying the following divergence equation, Div W = J where the 
source term J a ^ is a Weyl current. The Hodge dual *W also satisfies a divergence equation 
Div*VF = J* with source term (which is also a Weyl current) J*«/3 7 = \ Ja lv ■ e^vfij- In the case 
when there is a electromagnetic field coupled to the space-time and W is taken to be the Weyl 
curvature tensor, these divergence identities read as, 

F> a W at 3 1 s = -^{D-fR/is - DgRp^), D a *W a f3 7 s = -^{D^Rpy - D v Rp^)e^ u ' 7 j. 

Let Q[W] be the Bel-Robinson tensor of W, it also satisfies a divergence equation, 

D a Q[W] aMS = WffJw + WffJJtfv + *W^ 5 V J\ 1V + *%V J V- 

The modified Lie derivative of CoW satisfies Div {CoW)^s = J(0, W)p 1 s = Ylf=o J%{0, W)^s 
where 

Jq(0, W) = CoJp-yS = £oJ/3-yS - (n^JvyS + K^JpuS + ^Jp-yn) + jTnr J^a, 
Ji(0, W) MS = rr^D^W^s, J 2 (0, W) M5 = pPWpfrs, 
•MO, W) MS = q^W^% s + q^uW^ u S + qtfvWpy'', 

and 

Pa = D^TT^a, q a ^ = DpTT Ja - D^p a - -(p 7 5/3a ~ P/39ya)- 

Given vector fields X, Y and Z, we define the current associated to X, Y, Z and W to be 
P[W](X, y, Z) a = Q[W] a ^ s X^Z s . The space-time divergence o£P[W] is DWP[W](X, Y, Z) = 
Div Q [W] (X, Y,Z) + (tt-Q [W] )(X,Y, Z) where 

(vr • Q[W])(X, Y, Z) = Q[WU J5 {X) ^Y~<Z 5 + Q[W\ a ^ Y \^ Z^ X s + Q[W] a ^ z \^ X^Y S . 
We integrate this identity on domain V(u,u) to derive 
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/ Q(X,y,Z,L)+ f Q(X,Y,Z,L) 

[ Q(X,Y,Z,L)+ [ Q(X,Y,Z,L) (B.l) 

ft BwQ(X,Y,Z)+ [[ (tt-Q)(X,Y,Z). 

JJv(u,u) JJv(u,u) 



Given a vector field O, we use tt to denote its deformation tensor 

B.2. Energy Identities for Maxwell Fields. We refer the reader to the thesis of Zipser in 
[1] for more details. Let F a p be a 2-form. Its Hodge dual *F a p is defined as *F a p = \e a j3^ v F^ iU . 
The energy- momentum tensor T[F] a p associated to F a p is defined as 

T[F] aP = Fa^Ff," - - A (F ■ F)g a p = F^F^ + *F a ^*F^. 

If (F a/ 3,* F a /3) satisfies divergence identities D^F^ a = J a and D^F^a = J' a , then T[F] a p 
satisfies, 

D^T[F]^ a = F aix 

J ~\~ F a ^J^. (B.2) 
Given a vector field O, we define the modified Lie derivative of F along O as 

We remark that Co commutes with Hodge star operator. If F a p solves the Maxwell equations, 
then the divergence of T[CoF] a p is 

mvT[Z F] a = CoF a »Hp,F)p + *C F a »J'(0,F)^ 

where 

J(0, F)„ = t^DpF^ + D a 7r a pF\ + (D^ a(3 - D^ a )F^, 
J'(0,F)^ = n a PDp*F af , + D a 7t aP *F^ + {D^ aP - D^ a )*F a ^. 

Given a vector field X, the current associated to X and F is defined to be P[F](X) a = 
T[F} aix X^. The space-time divergence of P[F] is Div P[F](X) = DivT[F](X) + vr • T[F\. We 
integrate this identity on the domain D(u,u) to derive 

f T[F](X,L)+ [ T[F](X,L)= f T[F](X,L)+[ T[F](X,L) (B.3) 
J H n JH^ JHq Jh 

+ If DWT[F](X)+ [[ n ■ T[F]. 

JJV{u,u) JJV{u,u) 
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